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Figure 1: An example of our real-time fluid simulator, showing Rayleigh-Taylor instability simulation (left), a multi-liquid simulation (middle),

and pouring water (right). See also Color Plate 1.

Abstract

Recent advances in fluid simulations have yielded exceptionally
realistic imagery. However, most algorithms have computational
requirements that are prohibitive for real-time simulations. Using
Fourier based solutions mitigates this issue, although due to wrap-
around, boundary conditions are not naturally available, leading to
inconsistencies near the boundary. We show that slip boundary
conditions can be imposed by solving the mass conservation step
using cosine and sine transforms instead of the Fourier transform.
Further, we show that measures against density dissipation can be
computed using cosine transforms and we describe a new method
to compute surface tension in the same domain. This combination
of related algorithms leads to real-time simulations with boundary
conditions.

CR Categories: 1.3.5 [Computer Graphics]: Computational Ge-
ometry and Object Modeling—Physically-based Modeling;

Keywords: Real-Time Fluid Simulation, DCT/DST Transforms,
Real-Time Rendering

1 Introduction

The simulation of fluids is an active field of research, and has led
to several important applications. For instance, the prediction of
weather relies on such simulations [Denis et al. 2001]. The sim-
ulation of smoke [Foster and Metaxas 1997; Stam 1999; Fedkiw
et al. 2001] in an environment can be important to simulate for the
purpose of understanding, for instance, how a building can be most
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efficiently evacuated in case of fire. Finally, rendering the results of
such simulations is useful in the visual effects industry.

Many algorithms for fluid simulations have recently appeared
in computer graphics, and include interesting effects such as
multiple liquids [Losasso et al. 2006], coupling with solid ob-
jects [Géneveaux et al. 2003; Carlson et al. 2004; Guendelman et al.
2003; Batty et al. 2007] and the simulation of fire [Lamorlette and
Foster 2002; Nguyen et al. 2002].

Liquids are volumetric phenomena, with each part of the volume
interacting locally, producing streams and rotational effects such as
vortices and eddies. This behavior can be captured with the well-
known Navier-Stokes equations, introduced to computer graphics
by Kayija and Herzen [1984], which describe how a velocity field
changes over time as a result of applying pressure and forces. The
volume is then discretized into voxels, and these equations are
solved simultaneously for each voxel.

Thus, the Navier-Stokes equations show how the velocity u of the
fluid changes over small time steps ¢, as function of the pressure
p and density p, the viscosity of the fluid 1 and a general force f
which can model various desirable features, such as for instance
gravity and surface tension. For each position in the fluid, the
Navier-Stokes equations are given by:
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The transport of fluid, termed advection, is modeled by (1), whereas
the conservation of mass is modeled by (2). The latter ensures that
if fluid dissipates from a region, it is replenished by an equal amount
from neighboring regions.

For fluids that carry with them additional particles, for instance
smoke particles in a smoke simulation, it may be necessary to com-
pute a density distribution ps. Such a scalar field is related to ve-
locity only, and is given by:
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While the Navier-Stokes equations determine how fluid behaves
over small time-steps, we also need to discretize the fluid into small

=-u-Vp; (3)



Figure 2: Advection computed with MacCormack (left) and semi-
Lagrangian methods (right). See also Color Plate 2.

voxels, and solve these equations simultaneously for each voxel.
For simplicity, often a rectilinear grid is used, although irregular
and even dynamic meshes are also possible. This allows the mesh
to adjust to the flow of fluid, for instance in the presence of solid
obstacles [Feldman et al. 2005; Klingner et al. 2006].

To enable large time steps to be used for the purpose of speeding up
the computation, the advection equation can be solved with semi-
Lagrangian methods [Stam 1999; Anderson 1995; Selle et al. 2007]
or Back and Forth Error Compensation and Correction (BFECC)
[Dupont and Liu 2003; Kim et al. 2005]. As semi-Lagrangian
approaches tend to lose small-scale detail, vorticity confinement
methods can be applied to amplify remaining detail [Fedkiw et al.
2001]. Alternatively, particle methods can be incorporated into the
solution to avoid loss of detail [Selle et al. 2005]. In our work,
shown in Figure 2, we adopt the use of a straight semi-Lagrangian
method and a hybrid (MacCormack) method [Stam 1999; Selle
et al. 2007], as these are the fastest available solutions, and are
amenable to real-time solutions. Vorticity confinement is integrated
to provide control over small-scale detail.

The mass conservation step can be computed by finite differencing
schemes coupled with a sparse linear system solver such as Gauss-
Seidel, Jacobi, or SOR [Strang 1988]. The advantages of these ap-
proaches are relative ease of implementation, and good numerical
stability. Unfortunately, they are only suitable for off-line simula-
tions, due to their high computational complexity.

To achieve interactive simulation rates, currently only a few differ-
ent approaches are possible. One approach is to simplify the prob-
lem so that only volumes near the surface boundary are simulated at
high accuracy, with the remainder of the volume treated at a lower
resolution [Irving et al. 2006]. It is also possible to apply dimen-
sionality reduction to obtain approximate solutions throughout the
volume, and thus obtain interactive simulation rates [Treuille et al.
2006].

Fourier-based solutions are fast enough for real-time simulations,
and provide the same accuracy throughout the volume. They can be
applied to the mass conservation step directly under the assumption
that the volume infinitely repeats [Stam 2001], i.e., it cannot be
naturally bounded. In Section 2 we review these techniques, as our
approach relies on related transforms: we propose to replace the
Fourier domain with discrete cosine and sine transforms, allowing
us to enforce boundary conditions naturally.

Other fluid simulations and PDE solving algorithms have achieved
this replacement [Bessonov et al. 1995], but use an indirect method
involving building linear systems from finite differences and then
preconditioning these systems to allow more powerful solvers such
as the Fourier analysis cyclic reduction (FACR) algorithm [Hock-
ney 1965] to be brought to bear on the original problem. The PDE

Figure 3: Images of a progressing simulation with gravity, using
FFT (left) and alternatively DCT/DST (right). Notice that the fluid
on the left is in free fall due to the wrap around effect of the FFT.
See also Color Plate 4.

solver we use, the Fourier spectral fluid solver [Yokokawa et al.
2002], is direct but will only efficiently solve PDEs that involve
simple operations in frequency space. As shown in Section 3, this
solver can be used in a combined DCT/DST domain, which enables
us to solve the fluid mass conservation equation using the boundary
conditions that this domain provides (see Figure 3).

In comparison with spectral fluid simulations with different ba-
sis functions which also impose boundary conditions, such as the
Chebyshev transform [Boyd 1999], this method has the advantage
of being able to capitalize on a large body of research on fast
DFT/DCT/DST transforms [Makhoul 1980; Martucci 1994; Strang
1999; Reeves and Kubik 2006], for instance in the form of the
FFTW package [Frigo and Johnson 2005].

The second problem we address in this paper is that of density dis-
sipation which occurs as a result of the discretized nature of the vol-
ume. Section 4 shows that a cosine transform can be used to smooth
the scalar density field for the purpose of computing a gathering
term which can then be added to the density distribution. This ad-
dition gently counters numerical dissipation effects over large spans
of simulation steps.

The third problem addressed here is the computation of surface ten-
sion at real-time speeds. Normally, the surface curvature is com-
puted at surface boundaries, and from this a force can be derived
that is folded into the advection equation. Instead, in Section 5
we show that surface curvature can be estimated from the second
derivative of the scalar density field, which in turn can be computed
efficiently using the discrete cosine transform.

The fourth problem is that viscosity has been treated previously in
this method as an approximating smoothing convolution which is
applicable only to a single fluid. Section 6 addresses this by com-
puting the contribution due to viscosity accurately in the DCT/DST
frequency space and generalizing the resulting algorithm to multi-
ple viscosities.

We show how our computations can be extended to multiple inter-
acting liquids in Section 7. Details of our multi-threaded imple-
mentation are given in Section 8. To render our results in real-time
we use a straightforward implementation of the ray equation, which
is briefly discussed in Section 9. Finally, results are shown and dis-
cussed in Sections 10 and 11 respectively.

2 Fourier-Based Fluid Simulation

To achieve simulations that run at interactive rates, Fourier-space
methods have been proposed [Stam 2001]. In particular, the mass
conservation can be reformulated in Fourier space, noting that V-u



in a grid of voxels is computed with central differencing. In one
dimension this is given by:
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Thus, we are computing the convolution of differences about u,
with (—1)"/n. In the Fourier domain, this is a computationally
less expensive multiplication so that the mass conservation step is
given by:
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where we have divided out the factor of 2. Note that U,, U,
and U, are separate 3D Fourier transforms, accounting for the fact
that we wish to Fourier transform a vector field, rather than a scalar
field.

A consequence of the Fourier space approach to solving the mass
conservation step is that the solution is obtained throughout the vol-
ume simultaneously. This means that propagation effects due to un-
steady pressure gradients Vp cannot be accounted for. As a result,
Fourier space methods are only applicable to fluids where either
Vp = 0 or Vp has a predictable distribution which can be simu-
lated via f. For the same reason, shockwaves cannot be blocked
or redirected by boundaries, i.e. Fourier space methods exhibit a
significant disadvantage in that boundary conditions cannot be im-
posed. A further disadvantage results from the fact that the domain
in Fourier space replicates, resulting in an inaccurate smearing of
detail across any boundaries attempted in the fluid.

In our work, the key innovation is that we provide a suitable alter-
native to the use of the Fourier transform so that natural boundary
conditions are created, keeping the fluid simulation from exhibiting
these undesirable behaviors. This is achieved without adding ex-
tra computational expense. We are therefore able to show real-time
simulation of fluids which observe natural boundaries.

3 Mass Conservation

We will assume that the fluid will be represented by an axis-aligned
rectilinear grid of voxels. The grid itself forms the boundary of the
volume. It has inward pointing surface normals, which are assumed
to remain stationary. This leads to the following slip boundary con-
dition:

u-n; =0 (@)

where u is the velocity vector of the fluid and n; is the normal
vector of the i face. This equation prevents fluid flowing through
a surface whilst enabling fluid flow along it. This is achieved by
forcing the component of the velocity vector corresponding to the
surface normal to zero near the boundary. As a result, the fluid ap-
proaching the boundary of the rectilinear volume will be deflected.

An alternative way to think about this is to assume that our do-
main is replicated, with neighboring instances being mirror images.
Thus, if some amount of fluid would try to leak out of our domain,
an equal and opposing force from a neighboring instance would
prevent this, leading to a net velocity directed along the boundary.

Thus, if we were to enlarge our fluid by reflecting the volume in
three orthogonal planes, we would effectively create boundary con-
ditions. This would allow us to use the Fourier method to solve

the mass conservation step, but at the cost of a domain that is eight
times as large, which requires a significantly longer computation
time.

It can be shown that the discrete Fourier transform (DFT) of the en-
larged volume can be replaced with a discrete sine transform (DST)
of the smaller original volume [Makhoul 1980]. The DFT of a 2n-
element reflected volume (also known as a 2n-point odd extension)
will yield a 2n element complex field U, with only n of them car-
rying information. The DST of an n-element field will yield an n
element real transform U, with all elements carrying information.
The relationship between these two transforms is given by:
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where n € [1, N], which includes a half-sample offset [Strang
1999], a shift in indices, and a rotation to turn the complex values
produced by the DFT U into real values associated with the DST
U?, in accordance with the conventions adopted for these types of
transform. Similarly, we can construct a discrete cosine transform
(DCT-IN) U“:

U%(n) = U(n) exp (% (4N - %)) ©)

The original transformation to Fourier space involves a 3D DFT for
each of the three components of the velocity vector u, applied in
three different dimensions. We now replace these transforms by a
combination of DST and DCT transforms:

U = (UiCC, Ugsc7 USCS) (10)

The superscripts indicate which transform is chosen for which di-
mension. As an example, the first component of the velocity field
will be transformed with a DST in the z-dimension, and with DCT
transforms in the y- and z-dimensions. Note that the computational
complexity and memory requirements of this transform are equiva-
lent to the original triplet of DFTs.

Since we are only interested in computing the three derivatives
Oug /O, Ouy /Oy and Ju./dz we note that these derivatives are
all in directions in which we have used the DST. For this reason we
do not need to calculate derivatives in DCT space.

The partial derivative of v can be written as the inverse DST of
U*, with terms scaled by appropriately chosen constants. The mass
conservation is then computed with:
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With this approach, we have gained control over the fluid behav-
ior near boundaries, yielding appropriate boundary conditions that
were previously unavailable in the fast Fourier spectral method.

4 Density Dissipation

The scalar density field p can be updated for every time step us-
ing any desired advection method, for instance a semi-Lagrangian
technique. Due to the discretized nature of the field, numerical in-
stabilities tend to lead to the dissipation of densities, which in the
simulation of liquids is seen as a loss of surface detail.

This problem can be solved by means of level set techniques [Fed-
kiw et al. 1999; Losasso et al. 2006]. However, these techniques
are not fast enough for real-time applications owing to the need to



update the distance from the interface throughout the level set func-
tion. We therefore propose an alternative approach, which adapts
the smoke-gathering technique developed by Fattal and Lischin-
ski [2004]. In their technique, geometric shapes can attract smoke
during the course of the simulation. This is achieved by creat-
ing a target density distribution p*, and defining a gathering term
G(p, p*) which concentrates smoke towards areas where the target
density distribution is high:

G(p,p") =V -(pp" V(p—p")) (12)

where p* is the target density distribution convolved with a Gaus-
sian filter kernel. Updating the liquid density distribution is then
given as an extension to (3):
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where v is a user-defined constant that determines the rate at which
the gathering operates.

Since they show that this operator is mass conserving, we can em-
ploy this to ensure that the surface of the fluid remains well-defined.
To this end, we compute p* as follows. At the start of the simula-
tion, we have a given amount of liquid, determined by the densities
defined for each voxel. From this, we compute the average density
over all non-zero voxels, which is subsequently used as a thresh-
old T,. The number of non-zero voxels cr is counted as well.
This number of voxels will be the target number of non-zero voxels
which we aim to maintain during the simulation.

After each time-step, fluid advects across the volume, which means
that the boundaries of the original fluid shift. If this means that the
number of non-zero voxels has increased, suggesting dissipation
has occured, then we would like to reduce this number of voxels
again, and vice-versa. A convenient way to achieve this is to rely
on a statistical approach. Thus, our target density distribution is

given by:
. ifp>T,
pr =P tP="r (14)
0 ifp<T,

We then update the aforementioned threshold after each time step,
as follows:
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where ¢y is total number of voxels in the liquid, and ¢, is the num-
ber of voxels in the current time step that have a density p larger
than 7),. This is the criterion we set for that voxel to belong to
the body of liquid. This computation therefore either increases or
decreases our threshold slightly.

Finally, we recompute p* from p*. As this requires the computa-
tion of a Gaussian convolution, this is conveniently computed by a
point-wise multiplication in the Fourier domain. To impose bound-
ary conditions compatible with the mass conservation step, we use
the 3D DCT-II domain P€“C where the filter kernel is precomputed
using the DCT-I transform. Although we have transformed our fil-
ter kernel with a DCT-I transform, it can be proven that the resulting
convolution with a DCT-II based transform is both efficient and in
the DCT-II domain [Martucci 1994].

There are several advantages to preprocessing: in 3D the DCT-1im-
plementation is a factor of eight slower than the DCT-II transform
since the FFTW implementation does not have a fast and accurate
implementation of the DCT-I whereas representing a Gaussian fil-
ter kernel by means of the DCT-II transform is awkward due to a
half-sample offset.

Figure 4: Images of an extended 64% simulation with and without
gathering. See also Color Plate 3.

The reason that our target density distribution yields acceptable re-
sults is that the density advection dissipates density across the sur-
face boundary of the previous time step, yielding a smoothly de-
creasing density distribution as function of distance to the surface.
This means that iso-density surfaces at any suitably chosen value
will yield a reasonable approximation to the surface of the fluid.
This includes the iso-density surface at 7T},.

The result is that over each frame the fluid becomes more like the
target, which is also evolving due to the movement of the fluid. The
fluid therefore moves correctly whilst detail is appropriately pre-
served. In Figure 4, we show that after a large number of solver
steps, inevitable dissipation can be mitigated via our method. The
compared images are simulated using the MacCormack method and
monotone cubic Hermite spline interpolation as part of the advec-
tion step.

The main drawback of this approach is that groups of voxels that
have zero fluid in them are unable to participate in the method.
This can cause problems if a large volume of fluid is lost quickly
and there are not enough non-zero voxels to regenerate it. The
method currently does not support sub-voxel accuracy, a feature
which would have to be implemented for physically accurate simu-
lation. However, our algorithm is intended to be a computationally
efficient substitute for level-set methods, and is applicable to appli-
cations for instance in entertainment.

5 Surface Tension

The realism of fluid simulations can be enhanced by modeling sur-
face tension, creating effects such as the meniscus on a cup of water,
or the shape of droplets. This tension is a force that depends on the
molecules suspended in the fluid, and in terms of the Navier-Stokes
equations, is folded into the f component of (1).

Most practical implementations proceed in two steps. First, a sur-
face boundary of the fluid is computed, followed by a computation
of surface curvature. The amount of surface curvature then deter-
mines the surface tension. Surfaces can, for instance, be tracked
using level set methods [Foster and Fedkiw 2001; Enright et al.
2002].

In level set methods, the position of a surface is indicated by a func-
tion ¢, defined over the domain of the volume which evaluates to
the distance to the interface. Its value will be zero at the surface,
whereas ¢ > 0 occurs inside the fluid, and ¢ < 0 signifies parts of
the volume which are outside the fluid.

In our method, we have density defined over the entire volume,
which is intended to be O outside the volume, and p > 0 inside
the volume. Apart from the signed distance metric required for a



Figure 5: The left frame show our simulation without surface ten-
sion. The result is excessive mixing. The right shows liquids with
surface tension applied.

true level set, p and ¢ serve the same purpose in surface tension
computations. Thus, we follow Losasso et al [2006] and compute
the surface curvature x by:

9% 9% 07
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However, rather than compute this value only at the boundary, we
can compute this value throughout the volume. Noting that inside
a liquid density gradients V p tend to zero, this would yield the cor-
rect result as x will only be non-zero near the surface boundary.
Given that x requires the computation of the second spatial deriva-
tives of p, we can efficiently compute « in the DCT-II domain. We
convolve p with a small Gaussian before computing . The Gaus-
sian convolution serves to place an upper bound on the value of x as
well as to help prevent discretization artifacts. We can then calcu-
late k easily from second derivatives, as in DCT-II space these are
simple scalings. The effect of applying surface tension is shown in
Figure 5. The left frame is simulated without surface tension. The
result is a rather muddled appearance, which can be significantly
improved by adding surface tension, shown for the same simula-
tion on the right.

6 Viscosity

Previously other Fourier spectral method implementations have
computed viscosity in frequency space [Stam 1999]. This is com-
puted via the evaluation of the viscosity term from the advection
equation (1). Expanded in DST/DCT space (where U’ is defined as
in (10)), this expression becomes:

E+1\? [14+1\* [(m+1\%).,
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where L is the Fourier transform of the vector Laplacian. This
has been tightly integrated into the mass conservation step for
very little added cost, under the assumption that p is globally con-
stant. Instead if p is spatially varying then following Durand and
Dorsey [2002], we can split the range of viscosity coefficients into
a number of bands, in which we assume the viscosity coefficient p;
to be constant: . 1;V>u. As a result we can approximate (17)
by piecewise linear interpolation of a set of DCT/DST transforms
>, iiLi;. We found that typically 2 transforms are required to give
us sufficient control over the appearance of viscous fluids. An ex-
ample of two fluids with different viscosities is shown in Figure 6.

7 Multiple Interacting Liquids

The above techniques can be extended to simulations of multiple
liquids. For each liquid, we compute gathering and surface tension

Figure 6: The yellow fluid has a much higher viscosity than the blue
fluid, as shown in these two frames from the same animation.

separately. This does not affect the advection and mass conserva-
tion steps as all liquids share a common velocity field.

As a force produces an acceleration on a liquid which depends on
its density, we would have to solve an additional mass conserva-
tion step (% + V - (pu) = 0), which contains a time-dependent
and spatially varying density term % [Guermond and Quartapelle
2000]. This term invalidates the conditions required for incom-
pressible flow, making a real-time solution difficult. We therefore
omit this equation, producing the Boussinesq approximation:

Ou
p(a—ku-Vu) = —Vp+puViu+f (18)
Thus, the internal forces between fluids of different density are ap-
proximated by (2), producing plausible results for non-critical ap-
plications such as entertainment, and in particular games.

8 Multi-Threading

The voxel domain is split into N slices, which are processed with
P threads, such that N/P is an integral value. Voxels are laid out
in memory such that the index of voxel (x,y, z) is given by x +
K(y + Lz). To maximize cache coherence, we therefore assign
consecutive blocks of N/ P slices to each thread, whereby the slices
are aligned with the  — y plane. All computations in the spatial
domain are executed in multi-threaded mode on these slices.

As Equation (10) requires a combination of DCT and DST trans-
forms, no efficient off-the-shelf implementations are directly avail-
able. However, with the FFTW codelet generator [Frigo 1999], we
can construct an efficient dedicated transform. First we generate a
one-dimensional standard real-to-real out of place DCT and IDCT.
We then change the data type of the inputs and outputs, changing a
float array input/output to a SIMD vector input/output. Given that
a DCT has inputs and outputs 1... N, we can change a DCT into
a DST by negating even inputs and inverting the order of the out-
puts [Shao and Johnson 2008]. The IDST is created from the IDCT
in a similar fashion. Using the FFTW codelet generator in this man-
ner doubles the efficiency of our combined DCT/DST transforms.
Where we use DCTs or other transforms we do not use codelets, as
the performance increase is not sufficient.

The computations in DCT/DST space are then carried out once
more in multi-threaded fashion, using the same slicing scheme as
outlined above. This scheme is efficient due to the fact that the DST
and DCT transforms are real-to-real, and produce an equal number
of coefficients as there are voxels.

9 Rendering

For the purpose of demonstrating our results, we use a GPU-based
renderer that allows the ray equation to be directly evaluated. The



Figure 9: Frames 50 and 230 of a simulation releasing particles
from the same position at a constant rate. The distribution of the
particles shows the turbulence created in the fluid.

ray equation is a partial differential equation that models the curva-
ture of a ray as it passes through a medium with a smoothly varying
index of refraction [Stavroudis 1972]. Our implementation follows
the approach described by Ihrke et al [2007]. The advantage is that
this method can be tuned such that the voxel data produced by the
simulation can be passed directly to the GPU for rendering, without
the need for explicit surface extraction.

To derive an index of refraction for each voxel, we simply scale
the density p to an appropriate range using n = 1 + sp, where
s is a user-defined scaling factor whose purpose it is to give the
index of refraction a realistic value. If p is around 1, then s =
0.333 would mean n = 1.333, the refractive index of water. In
our implementation, the indices of refraction are spatially varying,
as well as dynamic. This means, for instance, that we are able to
render realistic mirages. In addition, using the ray equation does
not preclude effects such as extinction using Beer’s law, so that we
are able to accurately model light interaction with liquids

10 Results

Some of the visual effects achievable at real-time rates are shown
in Figure 1. In this section, we show further examples, and present
timing results. All our experiments were carried out using a quad-
core 2.4 GHz Intel Core 2 processor with 2 GB RAM and an
NVIDIA 8800 Ultra graphics card. Unless specified otherwise, the
simulations run with a resolution of 64% voxels.

‘While most of our images show the behavior of liquids, the method
can be adjusted to gaseous phenomena by omitting the gathering
and surface tension steps. The simulation can then be tuned to take
on the properties of gaseous phenomena such as fata morganas, mi-
rages or even smoke as shown in Figure 7.

Our approach is capable of simulating free surfaces, as shown in
Figure 1 (left), where in the starting condition a fluid is placed
underneath a much denser transparent fluid. This gives rise to a
Rayleigh-Taylor instability, shown here as a highly contorted sur-
face. In Figure 8, we have created three liquids with different den-
sities, with the densest at the top and the least dense at the bottom.
This is also an unstable configuration, as a result of which the fluid
mixes and then separates again into a stable configuration.

The inclusion of vorticity confinement helps create eddies and cur-
rents, shown in Figure 9 for a fluid of low viscosity and low den-
sity. Here, one particle is released every 4 frames, showing that as
the simulation progresses, the entropy of the system increases. The
liquid boundary is made reflective to aid this demonstration.

Finally, Figure 10 shows the effect of increasing the grid resolution

1 Liquid 4 Liquids

Voxels Solver Renderer Solver Renderer
325 96.33 26.39 58.56 17.88
64> 1429  13.73 8.01 8.67
1283 1.63 6.28 0.87 4.01
1 1

256 0.19 0.78 -—

L The graphics card does not have sufficient memory to render this scene.

Table 1: Performance statistics for both the simulation and the ren-
dering algorithms. All numbers are in simulation timesteps per sec-
ond for the solver or frames per second for the renderer.

from 323 to 256° voxels. The images are rendered at a resolution of
1024 x 768. The ray tracing algorithm runs on the graphics card,
and for those rays intersecting the volume, refractions are computed
according to the ray equation. The resulting framerates are listed in
Table 1. On current hardware, we see that a resolution of 64° leads
to real-time performance, and 128 volumes can be simulated at
interactive rates, both for single and multiple liquids.

A final observation is that if the starting configuration of the fluid
is geometrically symmetric, then the simulation continues to gen-
erate symmetric distributions of density throughout the volume, as
shown in Figure 10 (top). This result shows that our simulation is
numerically stable. The bottom row is not symmetric, because the
different liquids have different densities.

11 Conclusions

Boundary conditions are important in fluid simulations to obtain
correct fluid flow. We have shown a fast approach to fluid simula-
tion which includes boundary conditions. In addition, we explored
fast solutions for density dissipation, surface tension and viscosity,
and showed results for both liquids and gaseous phenomena. We
are currently interested in extending the method to include arbitrary
boundaries and obstacles.

We have shown that to compute a derivative, the DST domain can
be used while maintaining proper boundaries, requiring no more
than a simple scaling of the coefficients. To compute a second
derivative, the DCT domain can be used in a similar manner. Us-
ing these basic tools, we have shown for the first time that real-time
solutions with slip conditions at the data boundary are achievable
by migrating to the DCT/DST domain. It should be a simple pro-
cess to apply this approach to a pure DST domain to achieve no-slip
boundaries.
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Figure 7: Our simulation can be configured to simulate smoke, which in this example is pushed into the system through a vent in the ceiling.
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