Communication Complexity
Eyal Kushilevitz∗
Department of Computer Science
Technion
Haifa 32000, Israel

Abstract
In this chapter we survey the theory of two-party communication complexity. This field of
theoretical computer science aims at studying the following, seemingly very simple, scenario:
There are two players Alice who holds an n-bit string x and Bob who holds an n-bit string y.
Their goal is to communicate in order to compute the value of some boolean function f (x, y),
while exchanging a number of bits which is as small as possible.
In the first part of this survey we present, mainly by giving examples, some of the results
(and techniques) developed as part of this theory. We put an emphasis on proving lower bounds
on the amount of communication that must be exchanged in the above scenario for certain
functions f . In the second part of this survey we will exemplify the wide applicability of the
results proved in the first part to other areas of computer science. While it is obvious that there
are many applications of the results to problems in which communication is involved (e.g., in
distributed systems), we concentrate on applications in which communication does not appear
explicitly in the statement of the problems. In particular, we present results regarding the
following models of computation:
• Finite automata
• Turing machines
• Decision trees
• Ordered binary decision diagrams (OBDDs)
• VLSI chips
• Networks of threshold gates
We provide references to many other issues and applications of communication complexity which
are not discussed in this survey.

1

Introduction

Communication complexity aims at studying the amount of communication bits that the participants of a communication system need to exchange in order to perform certain tasks. [Yao 1979]
defined a very simple model for studying this type of questions. In this model there are only two
parties (Alice and Bob) and their task is to evaluate a function f (x, y), where x is Alice’s input and
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y is Bob’s input. It turns out that this very simple model already captures many of the fundamental
issues related to the complexity of communication and that results proven in this model can be
often extended to more complicated scenarios.
While in a first look it may seem that the field of communication complexity is related only
to questions in networks, distributed computing and related areas, we will show that in fact this
field has much wider applications. This was first identified by [Thompson 1979] who discovered the
applications of communication complexity to VLSI (in particular, to Area-Time tradeoffs for VLSI
chips). Later, applications of communication complexity to many other fields were found. These
in particular include many computation models such as Turing machines, finite automata, ordered
binary decision diagrams (OBDDs) and others.
Research in communication complexity goes in several directions:
• exploring the properties of the two-party model,
• extending the model in various ways, and
• finding applications of communication complexity to other fields.
In this chapter we try to give some highlights of the field of communication complexity. We will
not present the results in their full generality. Rather, we will concentrate on some basic results
which are later used in the applications. Our intention is mainly to give the flavor of the type of
results that can be proved using the theory of communication complexity. The interested reader
who wants to extend his knowledge communication complexity (and in particular to complete
some of the missing proofs and facts) can use the bibliographic list to extend his background.
In addition, several surveys that cover various aspects of communication complexity appeared in
[Orlitsky and El-Gamal 1988, Lovász 1989, Lengauer 1990]. A comprehensive introduction to the
theory of communication complexity (and its application) which covers all the material of the
current chapter and much more appears in the forthcoming book of [Kushilevitz and Nisan 1996].
Organization: In Section 2 we deal with the theory of communication complexity. We introduce
the basic two-party model in Section 2.1 and present some lower bound techniques in Section 2.2.
In Section 2.3 we extend the basic two-party model by allowing randomized protocols, while in
Section 2.4 we consider another extension of the basic model which allows variable partition of the
input among the two players. We briefly mention some related topics in Section 2.5.
In Section 3 we consider various applications of the results of Section 2. These applications deal
with finite automata (Section 3.1), Turing machines (Section 3.2), decision trees (Section 3.3),
ordered binary decision diagrams (OBDDs) (Section 3.4), VLSI chips (Section 3.5), and threshold
circuits (Section 3.6). We briefly mention some other applications in Section 3.7.

2
2.1

Two-Party Communication Complexity – Theory
The Model

In this section we describe the two-party communication complexity model, as defined by [Yao 1979].
One of the most important features of this model is its simplicity. It considers a situation where
2

there are only two communicating parties; it concentrates on very simple tasks – computing two
argument (boolean) functions where one argument is known to one party and the other argument
is known to the other party; it completely ignores the computational resources needed by the parties; and, it focuses solely on the amount of communication exchanged between the parties. This
simplicity of the model allows us to get a quite good understanding of the model. On the other
hand, it turns out that the model is still meaningful enough to allow using the results proved in
this model (mainly lower bounds) in other contexts (this will be done in Section 3) and rich enough
to exhibit a beautiful mathematical theory.
Consider a two-argument, boolean function f : {0, 1}n × {0, 1}n → {0, 1}. Let Alice and Bob
be the two communicating parties. Alice is given an input x ∈ {0, 1}n and Bob is given an input
y ∈ {0, 1}n . They wish to compute the value of f (x, y). Some examples of functions in which we
will be interested include:
equality EQ(x, y) is defined to be 1 if x = y (and 0 otherwise).
inner-product IP (x, y) is defined as
y1 , . . . , yn are the bits of y.

Pn

i=1 (xi

· yi ) mod 2, where x1 , . . . , xn are the bits of x and

greater-than GT (x, y) is defined to be 1 if x > y (and 0 otherwise), where x and y are viewed as
the binary representation of numbers in the range 0, 1, . . . , 2n − 1.
disjointness DISJ(x, y) is defined to be 1 if there is no index i such that xi = yi = 1 (and
DISJ(x, y) = 0 if such an index exists). (We think of x and y as subsets of {1, . . . , n}
represented by their characteristic vectors. In this case DISJ(x, y) = 1 if and only if these
two subsets are disjoint, i.e., x ∩ y = ∅.)
Again, the functions we concentrate on are simple enough so that we can get a full understanding
of what can be done with them. On the other hand, they are very “natural” functions. For example,
the equality function represent a computation which is often done in a distributed environment
which is checking if files (strings) are consistent (that is, equal).
The computation of the value f (x, y) is done using a communication protocol. During the
execution of the protocol, the two parties alternate roles in sending messages. Each of these
messages is a string of bits. The protocol, based on the communication so far, specifies whether
the execution terminated (in which case it also specifies what is the output). If the execution has
not terminated, the protocol specifies what message the sender (Alice or Bob) should send next, as
a function of its input and of the communication so far. A communication protocol P computes
the function f , if for every input pair (x, y) ∈ {0, 1}n × {0, 1}n the protocol terminates with the
value f (x, y) as its output.
Every function f can be computed by the following trivial protocol: Alice sends her input x to
Bob (n bits of communication), and then Bob who now knows both x and y computes the bit f (x, y)
and sends it to Alice. However, we think of n as a large number and hence sending the whole input is
very expensive. Indeed, in many cases (as we will see), there are much more efficient protocols. The
study of communication complexity aims at identifying the minimal number of bits that must be
sent in order to compute a function f . More precisely, the complexity measure for a protocol P is the
worst case number of bits exchanged by the two parties. Formally, let sP (x, y) = (m1 , m2 , . . . , mr )
be the communication exchanged on input (x, y) during the execution of P, where mi denotes the
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i-th message sent in the protocol. Also denote by |mi | the length (number of bits) of mi and let
P
|sP (x, y)| = ri=1 |mi |. We now define the (deterministic) communication complexity of P as the
worst case number of bits exchanged by the protocol. That is,
4
D(P) =

max

(x,y)∈{0,1}n ×{0,1}n

|sP (x, y)|.

The (deterministic) communication complexity of a function f is the communication complexity of
the best protocol that computes f . That is:
4
D(f ) =

P:P

min
D(P).
computes f

By using the trivial protocol described above we get,
∀f : {0, 1}n × {0, 1}n → {0, 1}

2.2

D(f ) ≤ n + 1.

Proving Lower Bounds

Our main concern will be proving lower bounds on the communication complexity of given functions.
These lower bounds will later be used for proving lower bounds in other models of computation as
well. Before doing so, we emphasize that the task of proving lower bounds is usually much more
difficult than the task of proving upper bounds. The later task usually involves the analysis of some
particular solution to a problem, while the former task involves a proof that any solution to a given
problem (a solution that we can assume nothing about it other than the fact that it solves the
problem) has at least a certain complexity. The main motivation for proving lower bounds is to
know the limits of our upper bounds. For example, how do we know whether a protocol that we
have for a certain communication complexity problem is efficient or if we should look for a better
protocol. If the upper bound given by the protocol meets the lower bound then we obviously have
the best possible solution. In computational complexity, for example, almost no good lower bounds
are known. The most famous case where lower bounds seem to be hard to prove is the question
“Is P 6= N P ?”. That is, can we prove a super-polynomial lower bound for the time required to
solve the satisfiability problem. As mentioned, the model of communication complexity is relatively
simple and this allows, in many cases, proving good lower bounds (which can also be applied in
other domains, as shown in Section 3). For proving communication complexity lower bounds, we
analyze the combinatorial structure imposed by protocols. The basic combinatorial element in this
analysis is called a rectangle:
Definition 1: A rectangle is a subset of {0, 1}n × {0, 1}n of the form A × B, where each of A and
B is a subset of {0, 1}n . A rectangle R = A × B is called f -monochromatic if for every x ∈ A and
y ∈ B the value of f (x, y) is the same.
Pictorially, we can think of the space of inputs {0, 1}n × {0, 1}n as a matrix. In this case A
is just a subset of the rows, B a subset of the columns and R = A × B is a rectangle. This is
illustrated in Figure 1. Note however that, although it is convenient to draw geometric rectangles,
the definition allows A and B to be arbitrary subsets of {0, 1}n (and not necessarily subsets that
correspond to adjacent rows or adjacent columns). For an additional example, consider the equality
4

function EQ. Let A be the set of all strings in {0, 1}n whose first bit is 1 and let B be the set of
all strings in {0, 1}n whose first bit is 0. Then, A × B is a rectangle which is EQ-monochromatic:
for every x ∈ A and y ∈ B we have x 6= y and therefore EQ(x, y) = 0.

B

A

R

Figure 1: A rectangle
The following lemma claims that the inputs for which the communication is the same form an
f -monochromatic rectangle.
Lemma 1 : Let P be a protocol that computes a function f and (m1 , . . . , mr ) be a sequence
of messages. The set of inputs (x, y) for which sP (x, y) = (m1 , . . . , mr ) is an f -monochromatic
rectangle.
Proof:
First, we prove by induction on i that the set of inputs on which the communication
starts with (m1 , . . . , mi ) is a rectangle. For i = 0 this set is {0, 1}n × {0, 1}n which is certainly a
rectangle. Let R be the set of inputs for which the communication starts with (m1 , . . . , mi ). By
the induction hypothesis R forms a rectangle A × B. Suppose, without loss of generality, that the
message mi+1 is sent by Alice. Let A0 be the set of inputs x ∈ A on which, given m1 , . . . , mi , the
message sent by Alice is mi+1 . Then, the set of inputs consistent with (m1 , . . . , mi+1 ) is A0 × B
which is a rectangle. (The case where Bob sends the message mi+1 is handled similarly, where
this time the message mi+1 determines a set B 0 ⊆ B.) Therefore, the set of inputs (x, y) for
which sP (x, y) = (m1 , . . . , mr ) is a rectangle. Finally, since the output is determined solely by the
communication, then this rectangle is f -monochromatic.
For a function f : {0, 1}n × {0, 1}n → {0, 1}, we define C P (f ) as the minimum number of
f -monochromatic rectangles that partition the space of inputs, {0, 1}n × {0, 1}n .
Lemma 2: For every function f : {0, 1}n × {0, 1}n → {0, 1},
D(f ) ≥ log2 C P (f ).
Proof:
By Lemma 1, every protocol P partitions the space of inputs, {0, 1}n × {0, 1}n , into
f -monochromatic rectangles. The number of these rectangles (i.e., the number of possible communications) is at most 2D(P) and D(f ) ≤ D(P), hence C P (f ) ≤ 2D(f ) . The lemma follows.
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Lemma 2 implies that for proving lower bounds on the communication complexity of f , we
can prove lower bounds on the number of f -monochromatic rectangles that partition the space of
inputs. In what follows we present two methods for proving lower bounds on D(f ). Both methods go
through proving lower bounds on C P (f ). The first of these methods is called the fooling set method.
It was implicitly used in [Yao 1979] and was made more explicit in [Lipton and Sedgewick 1981].
The fooling set method is based on exhibiting a large set of inputs such that each of them must be
in a different f -monochromatic rectangle. Formally,
Definition 2: A set of input pairs {(x1 , y1 ), (x2 , y2 ), . . . , (x` , y` )} is called a fooling set (of size `)
with respect to f if there exists b ∈ {0, 1} such that
1. For all i, f (xi , yi ) = b.
2. For all i 6= j, either f (xi , yj ) 6= b or f (xj , yi ) 6= b.
Lemma 3: If there exists a fooling set of size ` with respect to f then
D(f ) ≥ log2 `.
Proof: By Lemma 2, it suffices to prove that C P (f ) ≥ `. For this, we prove that in any partition
of {0, 1}n × {0, 1}n into f -monochromatic rectangles the number of rectangles is at least `. Suppose
that the number of f -monochromatic rectangles is smaller than `. In this case, there exist two pairs
in the fooling set (xi , yi ) and (xj , yj ) that belong to the same rectangle A × B. This implies that
xi , xj ∈ A and yi , yj ∈ B which means that (xi , yj ) and (xj , yi ) also belong to the rectangle A × B.
However, by the definition of fooling set, f (xi , yi ) = f (xj , yj ) = b while at least one of f (xi , yj ) and
f (xj , yi ) is different than b. This implies that the rectangle A × B is not f -monochromatic.
Corollary 4:
• D(EQ) ≥ n.
• D(GT ) ≥ n.
• D(DISJ) ≥ n.
Proof:
We first prove the claim for the equality function, EQ. The proof for the function GT
is almost identical.
By Lemma 3, it suffices to present a fooling set of size 2n for the function EQ. The fooling set
will be:
{(α, α) : α ∈ {0, 1}n } .
This is clearly a set of size 2n . Also EQ(α, α) = 1 for every α, while EQ(α, α0 ) = EQ(α0 , α) = 0
for every α 6= α0 .
For the function DISJ, we observe that the following is a fooling set of size 2n for this function:
n

o

(A, A) : A ⊆ {1, . . . , n} .
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The second method for proving lower bounds on D(f ) has an algebraic nature, and hence it
allows applying known results from linear algebra. For this, we associate with every function f a 2n ×
2n zero-one matrix denoted Mf . Each row of the matrix Mf is associated with a string x ∈ {0, 1}n
and each column of the matrix Mf is associated with a string y ∈ {0, 1}n . The (x, y) entry of the
matrix Mf contains the value f (x, y). The following lemma, due to [Mehlhorn and Schmidt 1982],
relates the communication complexity of f to the rank of the matrix Mf (over any field):
Lemma 5: Let f : {0, 1}n × {0, 1}n → {0, 1} be a function. Then,
D(f ) ≥ log rank(Mf ).
Proof:
By Lemma 2, it suffices to prove that C P (f ) ≥ rank(Mf ). Given an optimal cover of
{0, 1}n × {0, 1}n with f -monochromatic rectangles, let R1 , . . . , Rt be those rectangles which are 1monochromatic. It is enough to prove that t ≥ rank(Mf ). For each of the rectangles Ri (1 ≤ i ≤ t),
define a 2n × 2n matrix Mi whose (x, y) entry is 1 if (x, y) ∈ Ri and 0 otherwise. It follows that
Mf =

t
X

Mi .

i=1

Since the rank is sub-additive, we get
rank(Mf ) ≤

t
X

rank(Mi ).

i=1

Since Ri is a 1-monochromatic rectangle then for every i, rank(Mi ) = 1. Hence, rank(Mf ) ≤ t, as
desired.
Corollary 6:
• D(EQ) ≥ n.
• D(IP ) ≥ n.
Proof:
The matrix corresponding to the equality function EQ is the 2n × 2n identity matrix (a
matrix with 1 in each entry of the main diagonal and 0 elsewhere). The rank of this matrix is 2n .
The matrix corresponding to the inner-product function IP , is a so-called Hadamard matrix
whose rank is known to be 2n − 1.

2.3

Randomized Communication Complexity

In this section we wish to strengthen the two-party model described above by allowing the two
parties to “toss coins” (that is, to make randomized choices) in order to decide which messages
they send. The focus in this section will be on proving upper bounds. The goal here is to show, for
specific functions f , randomized protocols whose cost is significantly smaller than the lower bounds
proved for deterministic protocols.
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Before presenting some randomized protocols, few remarks about definitions are in place. First,
we allow Alice and Bob to make random choices. That is, each message sent by Alice or Bob is a
probabilistic function of the sender’s input and of the communication so far. In addition, we allow
the protocols to make errors. More specifically, we say that a protocol P computes the function
f if for every input (x, y) the probability that the output of P on (x, y) equals f (x, y) is at least
3/4. The (randomized) communication complexity of P, denoted R(P), is the worst case number
of bits exchanged (over all inputs (x, y) and over all random choices). Finally, the (randomized)
communication complexity of f is defined by
4
R(f ) =

P:P

min
R(P).
computes f

We emphasize that we require the protocol to succeed for every input with high probability and
not, for example, to succeed on most inputs. In other words, the only probability distribution we
have in this model is on the random choices made by Alice and Bob and there is no notion of
distribution over the inputs.
The first example shows that the equality function can be computed using O(log n) bits. This
should be contrasted with the lower bound of n proved for the deterministic communication complexity of this function (Corollary 4 and Corollary 6).
Lemma 7:
R(EQ) = O(log n).
Proof:
Denote the input of Alice by a = a0 a1 . . . an−1 , and the input of Bob by b = b0 b1 . . . bn−1 .
To compute EQ(a, b), we think of these inputs as two polynomials over the field GF [p] (the field
consisting of the numbers 0, 1, . . . , p − 1 with the operations of addition and multiplication modulo
p) where p is a prime such that 4n3 < p < 8n3 (theorems regarding the density of primes guarantee
the existence of such p). That is,
A(x) = a0 + a1 x + . . . + an−1 xn−1

(mod p)

B(x) = b0 + b1 x + . . . + bn−1 xn−1

(mod p).

and
Alice picks uniformly at random a number t in GF [p] and sends Bob the values t and A(t). Bob
outputs 1 if A(t) = B(t) and 0 otherwise. The number of bits exchanged is 2 · log p = O(log n).
For the correctness, note first that if a = b then A(t) = B(t) for all t, so the output is always 1. If
a 6= b we have two distinct polynomials A and B of degree n − 1. Such polynomials can be equal
on at most n − 1 (out of p) elements of the field (since their difference is a non-zero polynomial of
degree at most n − 1 who may have at most n − 1 roots). Hence the probability of error is at most
n
1
1
n
≤ 3 = 2 ≤ ,
p
4n
4n
4
as needed.
An additional example of a function for which we have a randomized protocol whose communication complexity is much better than the deterministic lower bound is the “greater than” function.
By Corollary 4 we have D(GT ) ≥ n while in the randomized case:
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Lemma 8:
R(GT ) = O(log2 n).
Proof:
The protocol can be viewed as a binary search for the first index i in which x and y
differ (if such an index exists). For this, Alice and Bob maintain two variables: L, the left border
of search (initially 1), and R, the right border of search (initially n). In each step Alice and Bob
both compute M = b(L + R)/2c and make the equality test
EQ(xL . . . xM , yL . . . yM )
by using the protocol of Lemma 7. If the protocol outputs 0 (that is, the strings are different) Alice
and Bob set R = M ; if the protocol outputs 1 (that is, the strings are equal) they set L = M + 1.
If L = R they exchange the bits xL and yL and decide which is larger (if the two bits are equal
they assume that the numbers are equal).
If the values computed by the protocol for EQ are all correct then the correctness of the protocol
is obvious. The probability of error is therefore bounded by the number of times that the protocol
for EQ is used (that is, log n) times the probability of error in each of them, which is 1/4n2 . All
together the error probability is at most (log n)/(4n2 ) ≤ 1/4n.
In fact, it is known that the upper bound for the greater-than function can be improved to
R(GT ) = O(log n). For many other functions, lower bounds can be proven to show that randomized
protocols are not more efficient than deterministic protocols. Methods for proving lower bounds for
randomized protocols are typically much more complicated than their deterministic counterparts.
Therefore, we only quote the following two lower bounds:
Lemma 9: [Chor and Goldreich 1985]
R(IP ) = Ω(n).
Lemma 10: [Kalyanasundaram and Schnitger 1987, Razborov 1990]
R(DISJ) = Ω(n).

2.4

Variable Partition Model

Consider a (single argument) function f : {0, 1}m → {0, 1}, where m = 2n. The two party model
defined above can be viewed as computing the value f (z) in the case where Alice’s input is the first
n bits of z and Bob’s input is the last n bits of z.
In the variable partition model, the two parties are allowed to choose the partition of the m
input bits among them (n bits for each party). This partition is chosen based on f (independently
of the specific input). For example, by Corollary 4, the function EQ(x1 , . . . , xn , y1 , . . . , yn ) requires
n bits of communication when the partition is fixed (that is, x1 , . . . , xn to Alice and y1 , . . . , yn to
Bob). However, if the parties are allowed to choose the partition, we can give
x1 , . . . , x n2 , y1 , . . . , y n2
to Alice and
x n2 +1 , . . . , xn , y n2 +1 , . . . , yn
9

to Bob. With this partition the function EQ can be computed using only 2 bits. We define Dbest (f ),
as the (deterministic) communication complexity of the best protocol for computing the function
f with respect to the best partition of the m input bits into two sets. Obviously,
Dbest (f ) ≤ D(f ),
and as seen by the example of the function EQ the gap between Dbest (f ) and D(f ) can be very
large. Proving lower bounds on Dbest (f ) is therefore more difficult.
For x, y ∈ {0, 1}k and 0 ≤ i ≤ k − 1, define the “shifted equality” function SEQ(x, y, i) to be 1
iff the string x = x0 x1 . . . xk−1 equals to the string y shifted circularly by i-bits to the right, that is
to yi yi+1 . . . yk−1 y0 . . . yi−1 . In other words, SEQ(x, y, i) = 1 iff for all 0 ≤ j < k, xj = yi+j mod k .
In what follows we will show a lower bound for Dbest (SEQ). The proof is by a reduction to the
lower bound for EQ in the standard model.
Lemma 11:
Dbest (SEQ) = Ω(m).
Proof:
As is the case with the function EQ above, for certain partitions checking equality may
be easy. The idea will be to show that for some values of i the bits are partitioned between the
players in a way that makes the equality-test “hard”. First, observe that each of the two players
holds a “significant” number of bits from a different string. To see this, note that each player gets
1
1
m
2 = k + 2 log k bits, out of them at least k − 2 log k are bits of x or y. Without loss of generality,
Alice holds k2 bits of x, and hence Bob holds at least d = k2 − 12 log k bits of y. Let A ⊆ {0, . . . , k −1}
be d indices of bits of x0 x1 . . . xk−1 held by Alice, and B ⊆ {0, . . . , k − 1} be d indices of bits of
y0 y1 . . . yk−1 held by Bob (each player possibly holds other bits as well from x, y, and i).
Consider the special case where all bits of x and y not in A and B (respectively) are 0’s (as we
are proving a lower bound, we are allowed to restrict the input). We are now going to fix the value
of i in a way that yields high communication complexity between Alice and Bob. For this, let us
first see what is the communication complexity for some fixed value of i. Denote
Bi = {j|(i + j mod k) ∈ B}.
We claim that for any fixed i, the communication complexity between A and B is at least |A ∩ Bi |.
To see this, we further restrict the input by letting xj = 0 and yi+j mod k = 0, for all j ∈
/ (A ∩ Bi ).
Now, observe that the induced function is 1 iff for all j ∈ (A ∩ Bi ), it holds that xj = yi+j mod k .
Since j ∈ A the bit xj is held by Alice, and because j ∈ Bi , we have (i + j mod k) ∈ B, that is, the
bit yi+j mod k is held by Bob (and none of these bits was already fixed). By the lower bound for EQ
(Corollary 4) applied to strings of length |A ∩ Bi |, the claim follows (that is, a better protocol for
this problem implies a protocol for EQ whose communication complexity is better than the lower
bound). Finally, it remains to show that for some i, |A ∩ Bi | = Ω(m). For this, we write
X
i

|A ∩ Bi | =

X

|{i|j ∈ Bi }|

j∈A

(to see this, think of a matrix whose rows are indexed by j ∈ A and columns are indexed by the
sets Bi ; the entry (j, Bi ) is 1 if j ∈ Bi and 0 otherwise. With this view, the left hand term of the
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equality counts the 1’s of this matrix column-by-column while the right hand term counts the 1’s
row-by-row). Now,
X
|{i|j ∈ Bi }| = |A| · |B| = d2 .
j∈A

Hence, for some i we have |A ∩ Bi | ≥ d2 /k = Ω(k) = Ω(m), as needed.
As the reader notices, proofs that need to give lower bounds for all possible partitions of the
inputs are usually more complicated. However, as a result, lower bounds in the variable partition
model can be applied to wider variety of problems.

2.5

Other Issues

The goal of this section is to briefly mention some additional topics related to the two-party model.
For each of these topics we give a short description and pointers to the relevant literature.
Nondeterministic Protocols – [Lipton and Sedgewick 1981] defined the notions of nondeterministic protocols and nondeterministic communication complexity. Nondeterministic protocols allow the two parties to choose the messages that they send in a nondeterministic way.
Essentially, it is only required that there is an execution of the protocol that leads to the correct answer (but in oppose to the randomized case, there is no requirement on the probability
of such event). The combinatorial objects corresponding to such protocols are overlapping
rectangles. A fundamental result due to [Aho et al. 1983] (which was later strengthened by
[Halstenberg and Reischuk 1988]) relates the deterministic communication complexity of f to
its nondeterministic communication complexity. It allows obtaining several results regarding
deterministic protocols using the notion of nondeterministic protocols.
Rounds – In the definition of communication complexity we are interested only in the number
of bits exchanged between Alice and Bob and we ignore the number of rounds (that is,
the number of messages exchanged). We may ask how many rounds or how much interaction is really necessary to obtain a low communication protocol. In a sequence of results
[Papadimitriou and Sipser 1982, Ďuriš et al. 1984, Nisan and Wigderson 1991] it was proved
that for every k ≥ 1 there are functions such that computing them with a k-round protocol is
exponentially more expensive than computing the same function with a k + 1-round protocol.
Amortized Communication Complexity – An interesting question regarding communication
complexity is whether computing a function f on ` instances can be done more efficiently
than just computing f on each of the ` instances separately. For example, suppose we want to
compare ` files (strings of length n) x1 , x2 , . . . , x` which are stored in some site in a network
with ` files y 1 , y 2 , . . . , y ` which are stored in another site (the output is ` bits b1 , . . . , b` where
bi indicates whether the strings xi and y i are equal). Can this be done more efficiently
than `n bits which is the cost of computing the equality function ` times (on each pair
(xi , y i )). Both positive and negative results on amortized communication complexity appear
in [Feder et al. 1991, Karchmer et al. 1991, Karchmer et al. 1992].
The power of lower bound techniques – A lot of research was devoted to understanding the
power of the lower bound techniques used in the area of communication complexity. In particular, examples of functions for which the rank method (Lemma 5) does not give tight
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lower bounds were given in [Alon and Seymour 1989, Razborov 1992, Raz and Spieker 1993,
Nisan and Wigderson 1994]; in the work of
[Dietzfelbinger et al. 1994] the fooling set method is considered – it is shown that this method
can never give significantly better lower bounds than those that can be proved by the
rank method (it is still the case however that the fooling set method is easier to use); in
[Karchmer et al. 1992] a generalization of the fooling set method is considered. This method,
called the rectangle size method, is shown to give lower bounds which are essentially equal
to the nondeterministic communication complexity; in [Kushilevitz et al. 1996] an example
is shown that shows that all the above techniques, which are based on giving lower bound
on the number of rectangles needed to cover the space of inputs, cannot always give optimal
lower bounds.
Other types of randomized protocols – In Section 2.3 we define the notion of a randomized
protocol. Other definitions for this notion appear in the literature. These include the definition of Las-Vegas protocols, where the protocol is not allowed to make errors but we
consider its average case behavior (on the worst input) instead of the worst case behavior
[Mehlhorn and Schmidt 1982, Fürer 1987]; Another model is the public coin model, where
the two parties share a random string which is known to both of them and can be used
during the execution of the protocol. This model was considered in [Newman 1991] who
shows that the complexity of computing a function in this model is about the same as in the
standard model, defined in Section 2.3.
Relations – In this chapter we concentrated on the task of computing a two-argument function
f (x, y). In general, more complicated tasks can be considered. One such task is the computation of relations (or search problems). That is, Alice and Bob need to find (on input (x, y)) an
output z such that x, y and z satisfy some relation R. For example, they may be interested in
finding an index i (1 ≤ i ≤ n) such that the i-th bits of x and y are different. Such an output
may not exist at all, or there may be several possible outputs for certain input (x, y). The
computation of relations was considered in several papers [Karchmer and Wigderson 1988,
Karchmer et al. 1991, Gringi and Sipser 1991, Edmonds et al. 1991]. This is mainly due to
surprising relations found between the communication complexity of this kind of computations and the depth complexity of boolean circuits [Karchmer and Wigderson 1988]. For an
exposition on this subject see [Karchmer 1989].
Multiparty protocols – In the model we considered so far there were only two parties. We can
consider extensions of this model where there are k > 2 parties. The natural extension is to
assume that each party Pi (1 ≤ i ≤ k) holds an input xi and the k parties wish to compute
the value f (x1 , . . . , xk ). It turns out that a different extension is more useful for applications
of the type given in Section 3. This extension is called the “number on the forehead” model.
Imagine k players sitting in a circle each of them with a number xi written on his forehead.
Therefore, player Pi sees all the inputs but xi . This models in a convenient way situations
where there is an overlap of information between players: each xi is known to most of the
players (all but Pi ). The multi-party model (and its applications) was studied, for example, in [Chandra et al. 1983, Babai et al. 1989, Grolmusz 1994, Håstad and Goldmann 1990,
Babai et al. 1995, Pudlák and Rödl 1993].
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3

Two-Party Communication Complexity – Applications

In this section we show how lower bounds (and upper bounds) in the area of communication
complexity can be used to prove lower bounds in other areas. Many of these lower bounds can
be proved without using communication complexity at all, however the use of communication
complexity allows giving a uniform treatment to many of these lower bounds and to focus on the
real reason for difficulty which is the communication bottleneck. This is done (in most of the cases)
for problems in which communication does not seem to appear in the problem at all.

3.1

Finite Automata

In this section we are concerned with (deterministic and nondeterministic) finite automata. A
deterministic finite automaton A has a finite set of states, Q, and a transition function δ : Q×Σ → Q
which determines for each state and for each character in the alphabet Σ what should be the next
state. Every input w = w1 w2 . . . wm defines a sequence of (m + 1) states as follows: start with the
initial state (a pre-specified state q0 ∈ Q), and in the i-th step according to the current state q and
the character wi move to the state defined by δ (that is, to the state δ(q, wi )). If at the end the
state of the automaton belongs to the set of accepting states (a pre-specified set F ⊆ Q) then we
say that w is accepted by A or that w belongs to the language of A. Otherwise, we say that w is
rejected by A or that w does not belongs to the language of A.
Our goal is to prove lower bounds on the number of states required in an automaton for a given
language L (for convenience we consider only Σ = {0, 1}). We use the following lemma which
relates the number of states to an appropriate communication complexity problem.
Lemma 12: Let f : {0, 1}n × {0, 1}n → {0, 1} be a function. Let L ⊆ Σ∗ be a language and let
A be an automaton as above (in particular, denote by Q the set of states of A). Assume that
L ∩ {0, 1}2n = {xy : |x| = |y| = n and f (x, y) = 1}.
Then, D(f ) ≤ log |Q| + 1.
Proof:
A protocol for f will work as follows: On input (x, y) (each of length n) Alice simulates
the path taken by the automaton A on her input x. She then sends the name of the last state q
in this path to Bob (log |Q| bits). Then, Bob simulates the automaton A, starting from state q, on
his input string y. All together, they get a simulation of A on input xy. Therefore, by assumption,
if xy is accepted then f (x, y) = 1 while if xy is rejected then f (x, y) = 0.
The following example shows a possible way to use this lemma. For a fixed n consider the
language Ln = {xx : |x| = n}. This language can be written differently by:
Ln = {xy : |x| = |y| = n and EQ(x, y) = 1},
where EQ is the equality function. Note that Ln is finite so there exists an automaton for Ln .
However, by the above lemma, such an automaton has a set of states of size
|Q| ≥ 2D(EQ)−1 .
13

Since we proved in Corollary 4 that D(EQ) ≥ n (and in fact it can be shown that D(EQ) = n + 1)
then this implies that every automaton for Ln has size
|Q| ≥ 2n .
Since this holds for every n, it follows that the language L = {xx : x ∈ Σ∗ } has no finite automaton
(that is, L is not a regular language). Note that a similar argument shows that every automaton
for the language
L0n = {xy : |x| = |y| = n and x 6= y},
also has size at least 2n . It is easy to construct a nondeterministic automaton for L0n of size O(n).
These two facts together imply that the known transformation of nondeterministic automata to
deterministic automata (which takes a nondeterministic automaton of ` states and produces a
deterministic automaton of 2` states) is essentially optimal.
For formal definitions of finite automata and many of their properties, including the transformation of nondeterministic automata into deterministic automata, the reader is referred to any of
the standard texts in this area (e.g., [Hopcroft and Ullman 1979]).

3.2

Turing Machines

In this section we consider Turing machines. We will show how to use communication complexity for
proving time-space tradeoffs for such machines. (Again, for formal definitions of Turing machines,
as well as the notions of time and space, the reader is referred to any of the standard texts in
computability or complexity, e.g., [Hopcroft and Ullman 1979].)
For convenience we will concentrate on a particular example, which is the language of palindromes. That is,
Lpal = {wwR : w ∈ {0, 1}∗ },
where wR denotes the string w reversed. We will prove the following:
Lemma 13: Let M be a Turing machine that accepts the language Lpal in time T (m) using
S(m) Space. Then,
T (m) · S(m) = Ω(m2 ).
Proof:
Let M be a Turing machine. The machine M has a read-only input tape and some (fixed
number of) read/write work tapes (the space is defined as the number of cells used on these work
tapes; in other words, the input itself is not counted as part of the space). We describe a protocol
for Alice and Bob that computes the equality function EQ as follows.
On input (x, y) ∈ {0, 1}n × {0, 1}n , Alice and Bob simulate the Turing machine M with input
n
x0 y R (of length m = 3n). The first observation is that such an input is in the language Lpal if
and only if EQ(x, y) = 1. The difficulty is of course that Alice only knows x while Bob only knows
y. To solve this, Alice and Bob do the following: Alice can be responsible for the simulation of M
as long as the head of the machine M on the input tape is either in the “x-region” of the input
tape (first n bits) or in the “0-region” of the input tape (next n bits). When the head moves to the
“y-region” of the input tape (last n bits), the responsibility is transferred to Bob. Symmetrically,
Bob can be responsible for the simulation of M as long as the head of the machine M on the input
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tape is either in the “y-region” of the input tape or in the “0-region” of the input tape. When the
head moves to the “x-region” of the input tape, the responsibility is transferred back to Alice. The
idea is that each player is responsible for the simulation in regions where he knows the input bits,
and hence will not need to get this information from the other player.
In any step in which responsibility is transferred the two players have to exchange all the
information which is required for continuing the simulation. This information includes: the state
of the machine M (which is O(1) bits) and the content of the work tapes (O(S(m)) bits). Finally,
since in the 0-region both players can do the simulation, and since to move from the x-region to
the y-region and vice versa it takes at least n time steps (as this is the size of the 0-region) then the
number of times that the responsibility is exchanges is at most T (m)/n. All together the number
of bits exchanged in the protocol is O(S(m) · T (m)/n). Since, D(EQ) ≥ n (Corollary 4) then
T (m) · S(m) = Ω(n2 ) = Ω(m2 ), as needed.
This tradeoff is essentially tight: It is not difficult to see that the language of palindromes can
be recognized in linear time using linear space (by copying the first half of the input to one of the
read/write tapes and then checking that the first half matches the second half) and, alternatively,
in quadratic time using logarithmic space (by verifying for each i that the i-th bit matches the
(m − i)-th bit).
Time-Space tradeoffs for Turing machines were studied for many years. They were first proved
by [Cobham 1966] and then by many others. Similar techniques, but using a certain type of
randomized communication complexity can be used to prove time lower bounds for one-tape Turing
machines. Extensions of these techniques can be found in [Babai et al. 1989].

3.3

Decision Trees

A decision tree is a binary tree such that each of its internal nodes is labeled by a variable from
x1 , . . . , xm , from each internal node there are two edges going to the children of this node one is
labeled by 0 and the other is labeled by 1, and each leaf is labeled by either 0 or 1.
A decision tree computes a function f : {0, 1}m → {0, 1} in the following way: given an
assignment to the m variables, we start at the root of the tree; whenever we reach a node labeled
by some variable xi we consider the value of xi in the assignment (0 or 1) and we proceed by going
on the edge which is labeled by this value. When we reach one of the leaves (labeled 0 or 1) we
take this label as the value of f on the assignment.
For example, in Figure 2 a decision tree is presented which computes a function f of 3 variables
x1 , x2 and x3 . It can be seen that f (x1 , x2 , x3 ) = 1 if and only if x1 = x2 = x3 .
There are two interesting complexity measures with respect to decision trees: the depth (the
length of the longest path from the root to a leaf) and the size (the number of nodes). Here we
concentrate on the depth only. Clearly, for every function f : {0, 1}m → {0, 1} there is a decision
tree of depth m (simply by writing a complete binary tree of depth m, where all nodes in level i of
the tree are labeled xi ; in this case each of the 2m leaves corresponds to a single assignment; the
label of the leaf is therefore the value of f on that assignment). The goal, of course, is to try to find
decision trees of small depth. The following lemma allows getting lower bounds on the decision-tree
depth using communication complexity lower bounds.
Lemma 14: Let m = 2n and f : {0, 1}m → {0, 1} be a function. If f has a decision tree of depth
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Figure 2: A Decision Tree
d then the two-argument function
f (x1 . . . xn , xn+1 . . . xm )
has communication complexity D(f ) ≤ d.
Proof:
Given a decision tree as above, Alice and Bob can simulate its computation. They start
at the root. Whenever the simulation reaches an internal node of the tree the players look at the
label xj of the node and the player (Alice or Bob) that holds the value of this bit announces it.
According to the value of xj they determine the next node in the simulation. When the simulation
reaches a leaf of the tree then the label of this leaf is the desired value of f . The number of bits
exchanges is at most d.
The idea of proving lower bounds for decision trees using communication complexity lower
bounds was introduced explicitly in [Nisan 1993] and implicitly in [Groger and Turan 1991]. This
technique can be extended to more powerful decision trees that allow stronger operations in the
nodes.

3.4

Ordered Binary Decision Diagrams (OBDDs)

A Binary Decision Diagram (BDD for short) is a directed acyclic graph, which consists of s nodes:
s − 2 nodes which are labeled by variables (from x1 , x2 , . . . , xm ), one node labeled 0 and one node
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labeled 1. Each of the s − 2 nodes labeled by variables has out-degree 2, where one of the edges
going out of the node is labeled 0 and the other is labeled 1. The two nodes labeled by 0 and 1
are sinks (that is, have out-degree 0). There is a single node in the graph with in-degree 0 which
is called the root. An Ordered Binary Decision Diagram (OBDD for short) is a BDD with the
following property: there is a permutation (order) of the m variables xi1 , xi2 , . . . , xim such that, on
every path from the root to a sink, the order of variables is consistent with this permutation. An
example of an OBDD appears in Figure 3.
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1
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1
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1
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Figure 3: An OBDD with respect to the order x1 , x4 , x2 , x3
A BDD (and in particular an OBDD) computes a function f : {0, 1}m → {0, 1} in the following
way: given an assignment to the m variables, we start at the root; whenever we reach a node
labeled by some variable xi we consider the value of xi in the assignment (0 or 1) and we proceed
by going on the edge which is labeled by this value. When we reach one of the sinks (labeled 0 or
1) we take this label as the value of f on the assignment. For example, the function f computed
by the OBDD of Figure 3 is
f (x1 , x2 , x3 , x4 ) = 1 iff (x1 = x4 ) and (x2 = x3 ).
OBDDs were introduced by [Bryant 1986]. They are widely used in logic design, formal verification and other fields (see [Bryant 1992]). The following lemma allows using communication
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complexity lower bounds to derive lower bounds on the size of OBDDs. Specifically, it uses the
measure Dbest (f ) introduced in Section 2.4.
Lemma 15: Let f : {0, 1}m → {0, 1} (m = 2n) be a function that can be computed by an OBDD
of size s. Then
best
s ≥ 2D (f )−1 .
Proof:
Given an OBDD for computing f we first partition the input bits among Alice and Bob
as follows: if the permutation used by the OBDD is xi1 , xi2 , . . . , xim then we will give Alice the
bits xi1 , xi2 , . . . , xin and give Bob the bits xin+1 , xin+2 , . . . , xim . We also fix a numbering of the s
nodes in the OBDD. Alice starts the computation as defined by the OBDD: she evaluates each of
the nodes which contains a variable which is in her possession. When she reaches a node labeled
by a variable which she does not have (that is, xij for j > n) she sends Bob the number of this
node (log s bits). Bob can now proceed the computation until reaching one of the sinks (this is
guaranteed by the assumption that the BDD is ordered). He sends Alice the output which is the
label of this sink. All together, we get that Dbest (f ) ≤ log s + 1 as needed.
The above lemma allows proving lower bounds on the OBDD size of functions for which we
have good bounds on Dbest (f ). For example, using Lemma 11, we get:
Corollary 16: Every OBDD for the shifted-equality function, SEQ, has size
s = 2Ω(m) .
This kind of technique can be further generalized to give so-called “width-length tradeoffs” for
oblivious branching programs. See [Chandra et al. 1983, Alon and Maass 1986, Babai et al. 1989,
Babai et al. 1990].

3.5

VLSI

In this section we show how communication complexity can be used for proving area-time tradeoffs
for VLSI chips. A VLSI chip can be viewed as an a × b grid which has n input ports and one
output port, there are gates on some of the vertices of the grid, and there are wires connecting
the gates with other gates or with the ports (see Figure 4). We remark that this is not the most
general VLSI model however the results presented here can be extended to more complicated (and
realistic) models. See [Lengauer 1990] for a survey on VLSI and applications of communication
complexity to VLSI.
The two most important complexity measures for a VLSI chip are A, its area (that is A = a · b)
and T , the time (number of steps) it takes from the time that the input is provided in the input
ports to the time the result appears in the output port (in each step each gate computes some
function of the values given on the wires entering this gate and sends this value on the outgoing
wire). The designer of a chip that computes a function f (x1 , . . . , xm ) has to decide what gates to
use, how to connect them and in particular he is free to choose which input xi should be fed into
each input port.
The following lemma allows proving, for certain functions f , that every VLSI chip computing
them either have a “large” area or requires “many” time steps. More precisely, we prove lower
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Figure 4: A VLSI chip (gates are denoted by •)
bounds on the quantity AT 2 of VLSI chips computing certain functions f , based on the communication complexity Dbest (f ).
Lemma 17: Suppose that we are given a VLSI chip as above with area A and time T to compute
a function f : {0, 1}m → {0, 1} (m = 2n). Then,
AT 2 ≥ (Dbest (f ))2 .
Proof:
Given the chip, we construct a two-party protocol as follows. Assume, without loss of
generality, that a ≤ b. We can always cut the chip into two pieces in a way that partitions the
input ports of the chip into two equal size sets, and that at most a wires
√ are connecting the two
best
pieces. We now construct a protocol for f that shows that D (f ) ≤ A · T .
For this, we assign each of Alice and Bob one of the two pieces of the chip. That is, we partition
the input bits between Alice and Bob in the same way that the input bits are partitioned among the
two pieces. Now, Alice and Bob simulate the computation of the chip. In step i of the protocol each
of the two players evaluates the output of all the gates in his piece of the chip in time i. The only
information that the two players exchange is the values which are going on the wires connecting
the two pieces. Since the number of these wires is at most a, and the number of√steps to compute
the output is at most T , the total number of bits exchanged is at most a · T ≤ A · T , as needed.
We can now prove results for functions for which we have good bounds on Dbest (f ). For example,
using Lemma 11, we get:
Corollary 18: Every VLSI chip for the shifted-equality function, SEQ, satisfies
A · T 2 = Ω(m2 ).
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3.6

Threshold Circuits

Threshold circuits are circuits whose gates are threshold elements. These circuits are used in what
is called (discrete) neural computation. That is, in oppose to the more general concept of “neural
network”, which typically uses real numbers and each unit in the network (a “neuron”) computes
some real function (“sigmoid”), here each gate (unit) in the network gets as an input boolean
variables and outputs a boolean variable which indicates whether the weighted sum of the inputs
is larger than some threshold.
Formally, a threshold circuit is a directed acyclic graph with m nodes of in-degree 0 labeled
by x1 , . . . , xm and the other nodes are called gates. One of the gates, has out-degree 0, and is
called the output gate. Now, each gate computes a weighted sum of the edges entering the gate and
outputs 1 if and only this sum is larger than some value θ (that is, the gate has t edges entering
it, z1 , . . . , zt , and there are t + 1 real numbers associated with the gate w1 , . . . , wt and θ; the gate
P
computes the result of the comparison “ ti=1 wi · zi > θ?”).
Our goal is to give lower bounds for such circuits using communication complexity. In oppose
to previous examples here we are using lower (and upper) bounds on randomized communication
complexity (and not on the deterministic communication complexity). For convenience we will
concentrate on a specific example – the inner product function:
Lemma 19: Any threshold circuit that computes the inner-product function IP (x1 . . . xn , xn+1 . . . xm )
(where m = 2n) has Ω(n/ log2 n) gates.
Proof:
We first use a basic fact about threshold circuits which states that without loss of
generality, all the wi ’s and θ are O(m log m)-bit integers [Muroga 1971]. Using this fact we can
now construct a randomized protocol to compute the function IP . Assume that the circuit has
s ≤ n gates (if not then we are done). Alice and Bob simulate the threshold gates one by one in
a “bottom-up” manner. The last gate they evaluate is the output gate whose value is the desired
value. To evaluate a particular gate, whose edges are denoted z1 , . . . , zt they do the following: some
of the zi ’s are input bits which are known to one of the players, while others are output bits of
previously simulated gates and are known to both players. Partition these output bits arbitrarily
among Alice and Bob and let A be the set of i’s such that zi is known to Alice and let B be the
set of i’s such that zi is known to Bob (that is, A and B are disjoint sets whose union is 1, . . . , t).
Now, to make the comparison
t
X

wi · zi > θ

i=1

it is convenient to make the comparison
X

wi zi > θ −

X

wi zi

i∈B

i∈A

since the left-hand term can be computed by Alice and the right-hand term can be computed
by Bob. Moreover, each of the two terms is O(m log m)-bit long so Alice and Bob can compare
these two numbers using the randomized protocol of Lemma 8. The cost of using this protocol
is O(log2 m) bits. The error probability is at most 1/4n for each gate, so if there are less than
n gates the error probability is at most 1/4. All together, we have a randomized protocol to
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compute the function IP using O(s · log2 m) bits. By Lemma 9, R(IP ) = Ω(m) which implies that
s = Ω(m/ log2 m), as needed.
The connection between communication complexity and the size of threshold circuits was
shown in [Nisan 1993, Roychowdhury et al. 1994]. For a lot of information about the area of
discrete neural computation and in particular some connections with communication complexity,
see [Goldmann 1994, Siu et al. 1995].

3.7

Other Applications

In this section we briefly mention some other applications of communication complexity. Additional
applications may be found using the sources appear in the bibliography.
Boolean Circuits – A boolean circuit is a circuit consisting of AND, OR and NOT gates. Proving
“good” lower bounds on the size or depth of boolean circuits is a long standing open problem in
computational complexity that goes back to [Shannon 1948]. For example, a super-polynomial
lower bound on the size of circuits for any function in N P would imply that P 6= N P .
[Karchmer and Wigderson 1988] show that boolean circuits and communication problems of
a certain type are closely related. More specifically, for a function f : {0, 1}n → {0, 1} they
define the following communication problem. The input for one party is a string x ∈ {0, 1}n
such that f (x) = 1 and the input for the second party is a string y ∈ {0, 1}n such that
f (y) = 0. The communication problem is for the parties to find an index i such that xi 6= yi
(this type of problems is called “relations”; see Section 2.5). In particular, it was shown
that the communication complexity of this communication problem equals the depth complexity of boolean circuits computing the function f . A similar relationships exist between
another type of communication problems and monotone circuits (these are circuits which contain only AND and OR gates). Using the connection to communication complexity several
lower bounds on monotone circuits depth were proved in [Karchmer and Wigderson 1988,
Raz and Wigderson 1990, Gringi and Sipser 1991]. Another approach that allows using results in communication complexity to prove lower bounds on the depth of monotone circuits
was shown in [Razborov 1990b]. Connections between communication complexity and monotone constant depth circuits were found in [Nisan and Wigderson 1991].
Networks – Communication complexity lower bounds in the two-party model can be used to
prove time lower bounds for more complicated (multi-party) networks. Roughly speaking,
the method consists of two stages. First, we partition the network into two “large” parts
such that the number of edges connecting the two parts (sometimes called the bandwidth) is
“small”. For example, if the network is a linear array of p processors, a useful partition of
the network is the first p/2 processors versus the last p/2 processors. The number of edges
connecting the two parts in this case is 1. For a more sophisticated example, consider any
planar network of p processors. A known result of [Lipton and Tarjan 1980] shows that any
such network can be partitioned into two parts, each containing at least p/3 processors, such
√
that the number of edges connecting the two parts if O( p). In the second stage, we view
the computation done by the network as a two party communication complexity problem,
where each party gets as an input, all the inputs given to processors in one of the parts of
the network. If the resulted two-party communication problem requires the submission of
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at least d bits then this implies that the time that it takes for the network to complete this
computation is at least d divided by the bandwidth (the time it takes to submit a single bit
over an edge is defined as the time unit). See [Leighton 1991] for applications of this method
to proving lower bounds in various types of networks.
Data structures – [Miltersen 1994] discovered connections between communication complexity
and data-structures. These connections are used to prove lower bounds for data-structures
supporting certain types of queries, both static (where the data-structure is constructed once
and then only queries are asked) and dynamic data-structures (where in addition the content
of the data-structure can be modified) [Miltersen 1994, Miltersen et al. 1995]. To see the idea,
consider the following typical (static) data structures problem: given a set B ⊆ {1, . . . , n} we
want to store information in our memory in a way that will later allow answering questions
of the type “is i ∈ B ?”. An implementation for this problem consists of a mapping that
determines for each such set B the content of the memory, and a method for answering
queries using the content of the memory. There are two measures to evaluate the quality of
an implementation. The first measure is the space; that is, the number of memory cells (each
consists of b bits) that are used. The second measure is called the time and is defined as
the number of cells that should be read in order to answer a query. We can view this data
structures problem as a communication complexity problem by considering two parties. One
party gets as an input a set B and the other party gets as an input an element i. Their goal
is to check whether i ∈ B. It can be shown that any implementation for the data structures
problem implies the existence of a protocol for the communication complexity problem whose
complexity depends on the time and space complexities of the data structure implementation.
Therefore, bounds for the communication complexity problem yield time-space tradeoffs for
the data structure problem.

4

Conclusions

We provide an introduction to theory of two party communication complexity. This theory is
far more rich than what is presented in this short survey. It exhibits a beautiful mathematical
structure who can be studied by using various mathematical tools from linear algebra, probability,
combinatorics and other related fields.
Then, we argue that results in communication complexity can be applied to many problems in
the theory of computation (and beyond that). By this, we claim that communication complexity
proves itself to be a fundamental key in the understanding of computation.
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