Lecture 13: GAs as Dynamical Systems.

Population Dynamics

» The population vector p is a unit vector, i.e.
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> Soall possible populations lie within the unit simplex
Definion; A simples s th simplestgeomeical shape hatcan be
represented in an n-dimensional space
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Population Dynamics
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> We can also intepret the generational operator as creating a
population distribution
> Theorem (Vose): If the population vecor p i the current population,
the expected next population s G(p:
‘i populatonssochasic efct il lead 1o devitions fom the
expected next populatio
e variance o this deviaion il decrease as N ncrease:
*» Forinfine populaions the variance wilbe z¢r0 0 the population wil
we deterministally
27 oes o e opuaion bavior
> We can iterate the application of  to calculate the (expected) population
trajectory from is inital state:
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Dynamical Systems vs Markov Processes

» Treating a GA s a Markov Process gave us some powerful analytical
tools

» Limiting distribution over states
» Limiting transition marix
» Expected time 1o reach an absorbing state.
> With a lttle work we can adapt our Markov Process treatment of the
to analyse it as a dynamical system
» Definition: A dynamical system is a mathematical formalisation of a
system whose trajectory in a space evolves according to some rule
> By treating a GA as a dynamical system we can analyse itin terms ofits
trajectory in the space of possible populations

Population Dynamics

» Possible populations are points within the simplex, but clearly such
points can only correspond to points with rational coordinates

> lLe. vectors of the form p = (5 ... %)
» The simplex contains all points with real coordinates, i.e. rational and

irrational

=
A={xeR":x > Oforallkand )~ xc

» As N — o the set of points corresponding to possible populations
becomes dense in the simplex, and the simplex is their closure
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Population Dynamics - Selection

» Construction of the generational operator is done in the same way as.
construction of the transition matrix for Markov Chain analysis
» We start with selection only
» From the previous lecture, the incidence vector based probabily of
selection is
wi(i)
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> Dividing through by N we obtain
pi(i)
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Population Dynamics

» For the Markov Chain analysis of a GA we represented a population
as a vector
v = (Yo Va, - Viej-1)

where each vy is the number of copies of point k in the search space,
Cand

)
> w=N
@

> We can remove the dependence on population size if we divide by N
giving a population vector

P = (Po. Py Pej-1)

*» Nowthe populaton vector represents he proporton ofthe populaton
that are copies of each point in the search spact
~ N.8. recallthat v and hence p are actually ot vctes
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Population Dynamics

> To describe the evolution of the dynamical system, we need a
generational operator mapping points in the simplex back into the
simplex

G:A—A

» Apart from representing population proportions, another interpretation
of the population vectorp is  probabilly cstibution ovr all the ponts
in the search spac

- The operator gives the over all
pussm populations n the next generain, gvn the curer poialon

transition marix

Population Dynamics - Selection Operator

» We can specify the selection operator F in matrix form
» If we consider our fitness function as a vector f & R/ whose entries
= (K < C then the selecton operator s
dagip
#p) = S8

where diagif) is the diagonal matrix with the entries from vector f on its
diagonal, e.g.

100
diag( [1 2 :]p(u 2 n)
003
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Population Dynamics - Fixed Points of Selection Population Dynamics - Fixed Points of Selection

> The vertices of the simplex are fixed points of fitness proportional
selection » So the fixed points of fitness proportional selection are
ces of the simplex
> These correspond t all he possile uiform popuiatons
» Mixed populations (points inside the simplex) containing individuals with
the same finess

» Each cormesponds to a diflerent uniform population

» They are absorbing states under Markov Chain analysis
> Other fixed points also exist
> Theorem (Convex Hul):

It AC Cis aset of individuals all having the
same fitness value, then

» The vertices of the simplex are always stable fixed points
> Mixed populatons are ol sible fxe pois i the nfke population

i the e popultin case, e populaton efects willead the
population away from mixed population fixed p
> it pouaton i evualy reach e of e vertces o he simplex
ough a combination of selection and genetic drft

Hiec:k € A} {Zuksk a > 0forallkand " ax = 1}

is the convex hull of the vertices, and all members of this set are fixed
points of fitness proportional selection

Population Dynamics - Crossover

Population Dynamics

> Crossover s also incorporate by using the miving matix (k) we
in the last lecture
+ The enris j of M(k) are the probabilies that chromosomes i and j
combine through crossover to produce chromosome k.
» Many crossover operators are not symmetric
> E. UXwith Bernouil paremeter 7 05
anGonsinuct s symmerc b M. by akig mean
probabilles, .. the enties .j of M a

> We have so far defined three main operators

» The mutation and crossover operators can be composed to give what
is known as the mixing operator
M=xoU
Mui(k) +Mi(k)
2 » The generational operator can be constructed by composing any of
> With such a matrix the crossover operator is given by the operators, e.g
=MoF
(Pl =P Mcp.

Population Dynamics - Fixed Points
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Population Dynamics - Fixed Points
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» While the single interior fixed point tells us where the infinite
population GA will end up, the other fixed points are also important in
any analysis of finite population behaviour

» To analyse this, we consider the force induced by the generational
operator G at a point in the simplex p

» Notallfixed points will necessarily correspond to real populations
> The fixed points may be irrational, of not correspond to rational numbers
with denominator N
» They may also lie outside the simplex
» Eg. eigenvectors vith negative
more general form of the Peron-Frobenius theorem from the
lastlecture is useful, and tels us that 1G(p) —
» I the marix version of the operator ¢ has anly posiive enris then it has
exacty one eigemecor (1ed poin) nside the simplex » So the force is the distance that a population moves under application
> o he ional operator
o mean poplalon fess.
> This fixed point is @ lobal atracior

» Near a fixed point the force will be very low
» Atafired point the force will be zero
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Population Dynamics - Mutation

> Mutation can easily be incorporated into the generational operator,
using the mixing matrix U as considered in the last lecture
» The mutation operator is thus

up) -
» So the combined selection and mutation operator is

U o F(p) Ud%"i')p
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Population Dynamics - Fixed Points

» We have already analysed the fixed points for proportional selection
> In generalwe can find the fxed poins of the dynamicalsystem by

finding the

operator

- EgforG

o  the fixed points are the eigenvectors of the matrix
Udiagf)
» N.B. the eigenvectors must be normalised so their entries sum to one, to
meet our condition for population vectors,

> The corresponding eigenvalue of the eigenvector is the mean population
fitness for that fixed point

Population Dynamics - Metastability

» A population at a point inside the simplex may pass very close to a
fixed point just outside the simplex
> The force on the population will be low in this viciniy, 50 a finte
popuiation may spend some time there
» Afinite population may not be able to exactly hit a fixed point
> In the vicinty of the fixed point the force will also be low, and again the
population may spend some time there
> Such population states as the above can be referred to as metastable
states
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Population Dynamics - Neutrality The Dynamical Systems Model

» What advantages does the Dynamical Systems formulation offer us?
> We have seen some elementary analyses
> Analysis of trajectories

» Connected sets of points within the simplex may have very low force
onthem ~ Analysis of fixed points other than the global aftracior

» Hence a finite population will tend to drift between these points * Analysis of finite population behaviour around fixed points
according to stochastic effects. > More advanced analyses are possible, e.g.
> Such a set of points can be referred to as a neutral network > Converge properties of taject der difierent
> Neutral networks have attracted some interest, partcularly as a means . Geteeion it mutaion converges, bt does crossover? What are he
1o escape local optima requirements for G to be focussed?

» Structure preserving properties of operators with a given representation
- Eg. ershi
» There are many open questions.




