Data without numbers

Bernhard Ganter

Institut far Algebra
TU Dresden
D-01062 Dresden
bernhard.ganter@tu-dresden.de

Bristol Engineering Colloquium
January 25, 2007

Bernhard Ganter, Dresden University Computing with formal concepts



Outline

Outline

@ Concept lattices
o Data from a hospital
o Formal de nitions
o More examples

Bernhard Ganter, Dresden University Computing with formal concepts



Outline

Outline

@ Concept lattices
o Data from a hospital
o Formal de nitions
o More examples

@ Attribute logic
o Attribute implications
@ Checking completeness

Bernhard Ganter, Dresden University Computing with formal concepts



Outline

Outline

@ Concept lattices
o Data from a hospital
o Formal de nitions
o More examples

@ Attribute logic
o Attribute implications
@ Checking completeness

© Many valued contexts
@ Scaling
@ Turtle logic

Bernhard Ganter, Dresden University Computing with formal concepts



Outline

Outline

@ Concept lattices
o Data from a hospital
o Formal de nitions
o More examples

@ Attribute logic
o Attribute implications
@ Checking completeness

© Many valued contexts
@ Scaling
@ Turtle logic

© Conclusion

Bernhard Ganter, Dresden University Computing with formal concepts



Concept lattices
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Data from a hospital

Interview data from a treatment of Anorexia nervosa
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Concept lattices

Data from a hospital
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A biplot of the interview data
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Concept lattices
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Data from a hospital

The concept lattice of the interview data
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Concept lattices
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Formal de nitions

Unfolding data in a concept lattice

The basic procedure of Formal Concept Analysis:

e Data is represented in a very basic data type, calfednal
context .
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The basic procedure of Formal Concept Analysis:
e Data is represented in a very basic data type, calfednal
context .
e Each formal context is transformed into a mathematical
structure calledconcept lattice .
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The basic procedure of Formal Concept Analysis:
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context.
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Formal de nitions

Unfolding data in a concept lattice

The basic procedure of Formal Concept Analysis:

e Data is represented in a very basic data type, calfednal
context .

e Each formal context is transformed into a mathematical
structure calledconcept lattice . The information contained
in the formal context is preserved.

@ The concept lattice is the basis for further data analysis. |
may be represented graphically to support communication, o
it may be investigated with with algebraic methods to unrhve
its structure.
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Concept lattices
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More examples

An example about airlines ...
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Concept lattices
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More examples

...and its concept lattice
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Concept lattices
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More examples

Formal contexts

A formal context (G;M;l) consists of set$5;M and a binary
relationl G M.

ForA GandB M, dene

AO
BO

fm2Mjgl mforallg?2 Ag
fg2Gjgl mforalm2Bg:

The mappings
X1 X0

are closure operators.
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Concept lattices
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More examples

Formal concepts

(A;B) is aformal concept of (G;M;1) i

A G B M; A°=B: A=RC

A is the extent andB is theintent of (A;B).
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Concept lattices
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More examples

Concept lattice

Formal concepts can be ordered by

(A1;B1)  (A2;B2): (0 A1 Az

The setB (G;M; 1) of all formal concepts of G; M; 1), with this
order, is a complete lattice, called theoncept lattice of
(G;M;1).
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Concept lattices
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More examples

A formal context
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Concept lattices
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More examples

and its concept lattice

needs water to live

can move around needs chlorophyll

lives in
water

has limbs one seed leaf

spike-weed

suckles its
0 spring

two seed
leaves,
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Concept lattices
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More examples

The basic theorem
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Attribute logic
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Attribute implications

Implications

One approach to analyse data is to studgtribute implications
i.e., expressions of the form

A! B;
whereA and B are sets of attributes.

An implicationA! B holds for a formal context G; M;1) i
every object having all the attributes fromA also has all attributes
from B.
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Attribute logic
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Attribute implications

An implicational base

The number of implications holding for a given data set isewft
huge and highly redundant.

The implicational theoryof a formal context can be simpli es using
the standardinference ruledor implications (\Armstrong rules").

Fortunately each formal context has a naturbasefor its
implicational theory, called thestem base.
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Attribute implications

Components of musical understanding

An exploration was performed (Wille, 1987) to structure ahutes
that describe musical compositions:
well-rounded, well-balanced, dramatic, transparent,
structured thoroughly, strong, lively, sprightly,
rhythmising, fast, playful.
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Attribute implications

A step in the interactive exploration procedure

Question:

Does every musical composition having the attributes
dramatic, lively, transparent

also have the attributes
sprightly, rhythmising, fast ?
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Attribute logic
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Attribute implications

A step in the interactive exploration procedure

Question:
Does every musical composition having the attributes

dramatic, lively, transparent

also have the attributes
sprightly, rhythmising, fast ?

Answer: No.

Counterexample: Beethoven's Moonlight Sonata, third mment,
is dramatic, lively, transparent, rhythmising, fast, stronfut not
sprightly.
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Checking completeness

Pairs of squares
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Checking completeness

But did we consider all possible cases?

How can we decide if our selection of examples is complete?
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Checking completeness

But did we consider all possible cases?

How can we decide if our selection of examples is complete?

A possible strategy is to prove that every implication thatlts for
these examples, holds in general.

@ Compute the stem base of the context of examples, and
@ prove that these implications hold in general,
e or nd counterexamples and extend the example set.
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Checking completeness

But did we consider all possible cases?

How can we decide if our selection of examples is complete?

A possible strategy is to prove that every implication thatlts for
these examples, holds in general.

@ Compute the stem base of the context of examples, and
@ prove that these implications hold in general,
e or nd counterexamples and extend the example set.

This can nicely be organised in an algorithm, callstribute
exploration.
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Checking completeness

Stem base of the example set

common edge parallel, common vertex, common segment
common segment parallel
parallel, common vertex, common segment common edge

overlap, common vertek parallel, common segment,
common edge

e overlap, parallel, common segmeht common edge, common
vertex

o overlap, parallel, common vertex common segment,
common edge

disjoint, common vertex ?

disjoint, parallel, common segmemnt?

disjoint, overlap! ?
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Attribute logic
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Checking completeness

Two of the implications do not hold in general

common edge parallel, common vertex, common segment
common segment parallel
parallel, common vertex, common segment common edge

overlap, common vertekX parallel, common segment,
common edge

overlap, parallel, common segmeht common edge, common
vertex

overlap, parallel, common vertedx common segment,
common edge

disjoint, common vertex ?
disjoint, parallel, common segmemnt?
disjoint, overlap! ?
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Checking completeness

Conterexamples for the two implications

@ overlap, common vertekX parallel, common segment,
common edge

o Counterexample: [J>
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Attribute logic
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Checking completeness

Conterexamples for the two implications

@ overlap, common vertekX parallel, common segment,
common edge
o Counterexample: [J>

@ overlap, parallel, common segmeht common edge, common
vertex

o Counterexample.[1]
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Checking completeness

A better choice of examples
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Many valued contexts
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Scaling

Formal contexts that frequently occur

There are many series of formal contexts that have an suggest
interpretation. Such formal contexts will be callestales

So formally, a scale is the same as a formal context. But it is
meant to have a special interpretation.

Examples of scales ar@minal ordinal multiordinal,
contranominal and dichotomic scales.
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Many valued contexts
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Scaling

Conceptual Scaling

The basic data type of Formal Concept Analysis is that of anfiat
context.

But data is often given in form of anany-valued context .
Many{valued contexts are translated to one-valued contexd

conceptual scaling. This is not automatic; it is an act of
interpretation.

Bernhard Ganter, Dresden University Computing with formal concepts
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Scaling

Concept lattice fragment for the lexical eld \waters"

trickle, rill, beck, fiver,
rivulet, runnel, brook,
burn, stream, torrent
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Many valued contexts
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Scaling

Choosing a scale for each many-valued attribute

Here is a tiny many-valued context with only one many-valued

attribute.
Size
trickle | very small
brook | small

river large
stream | very large

How can this be transformed into a one-valued context?
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Scaling

A naive scaling

Size
trickle | very small
brook | small

river large
stream | very large

Size:
very small small large very large
trickle
brook
river
stream
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Scaling

A more intuitive scaling

Size smal very large
i stream
trickle | very small brook
brook | small very smal large
river large trickle river

stream | very large

Size:
very small small large very large
trickle
brook
river
stream
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Turtle logic

Many valued contexts
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Elephant turtles on the Galapagos

Galapagos Island size Opuntion Turtle type
island bushy | treelike | dome [ intermediate | saddle
Albemarle 4278 km? + - + . B
Indefatigable 1025 knv + - + . _
Narborough 650 km? + - + . _
James 574 km? + - - + -
Chatham | ca. 500 kn? + - - + -
Charles | ca. 200 kn? + - - + +
Hood <100 km? + - - - +
Bindloe <100 km? - + - . -
Abingdon <100 km? + - - - +
Barringdon <100 km? + - - + +
Tower <100 km? - + - . B
Wenman <100 km? - + - . -
Culpepper <100 km? - + - . .
Jervis <100 km? ¥ . N ¥ 7

Joachim Jaenicke (Ed.). Materialienhandbuch Kursunterricht Biologie, Band 6:

Evolution. Aulis Verlag Keln 1997, ISBN 3-7614-1966-X.
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Turtle logic

Scales for Island Size and for Opuntia

S| g g
Island size E Lo ) Opuntia % %
G| 2|28 bushyj treelike || 3 | £
< 100 kn? +
100{1000 kn? T
> 1000 kn?
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Many valued contexts
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Turtle logic

Scales for Island Size and for Opuntia

S| g g
Island size E Lo ) Opuntia % %
G| 2|28 bushyj treelike || 3 | £
< 100 kn? +
100{1000 kn? T
> 1000 kn?

Each many-valued attribute is replaced by the scale atttésu
Each value is replaced by the corresponding row of the scale.
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Turtle logic

The derived context

intermediate or saddle
intermediate

island size: large
island size: not small
island size: not large
island size: small
opuntion: bushy
opuntion: treelike
turtles: dome
turtles: saddle

turtles:
turtles:

Albemarle
Indefatigable
Narborough
James
Chatham
Charles
Hood
Bindloe
Abingdon
Barringdon
Tower
Wenman
Culpepper
Jervis
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Many valued contexts
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Turtle logic

Turtles concept lattice

island size:
not large

opuntion:
bushy

turtles:
intermediate
or saddle

island size: not small

turtles:

intermediate

island size:small turtles: dome

island size:

opuntion: treelike large

Albemarle
Indefatigable

Bindloe, Culpepper
Tower, Wenman

Abingdon
Hood

. Narborough
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Many valued contexts
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Turtle logic

The stem base of the Galapagos data

]
*]
*]
*]

size: large) size: not small opuntion: treelike turtles type: dome;
size: not small) opuntion: treelike;
size: small) size: not large;

size: not large size: small opuntion: treelike) turtles type: intermediate or
saddle turtles type: saddle;

opuntion: bushy ) size: not large size: small;
turtles type: dome ) size: not small opuntion: treelike;
turtles type: intermediate or saddle ) size: not large opuntion: treelike;

turtles type: saddle) size: not large opuntion: treelike turtles type:
intermediate or saddle;

© © ¢ ¢

(]

turtles type: intermediate ) size: not large opuntion: treelike turtles type:
intermediate or saddle;

@ size: large size: not small size: not large opuntion: treeke turtles type: dome
) size: small opuntion: bushy turtles type: intermediate or saddle turtles type:
saddle turtles type: intermediate;

o ...
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Turtle logic

The stem base must be modi ed

In the case of scaled many-valued data, the stem base costain
useless information. It is induced by the scaling.

It is therefore necessary to \subtract" thecaling-induced logic
from the stem base and give a base for the remaining inforomati
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Turtle logic

The scaling{induced logic

Island size:
small, not small  ( ;
o ( small, not small
large, not large  ( ;
o ( large, not large
small ( not large
Opuntia:
bushy, treelike  ( ;
o ( bushy, treelike
Turtles:
dome, intermediate_or_saddle  ( ;
intermediate_or_saddle  ( intermediate, saddle
saddle ( intermediate_or_saddle
intermediate  ( intermediate_or_saddle
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Turtle logic

The remaining implicational logic

island size: large ! turtles: dome
island size: not small ! opuntia: bushy
turtles: dome ! island size: not small
island size: not large, . -
! opuntia: bushy

turtles: intermediate _or_saddle

island s'.ze_: smal, ! turtles: saddle
opuntia: bushy

island size: not small, not large, . S
o . ! turtles: intermediate:
turtles: intermediate _or_saddle
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Conclusion

So what?

@ The method of Formal Concept Analysis o ers an algebraic
approach to data analysis and knowledge processing.
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@ The method of Formal Concept Analysis o ers an algebraic
approach to data analysis and knowledge processing.

@ lIts strengths are

a solid mathematical and philosophical foundation,
1000 research publications,

experience of several hundred application projects,

an expressive and intuitive graphical representation,

and a good algorithmic basis.
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Conclusion

So what?

@ The method of Formal Concept Analysis o ers an algebraic
approach to data analysis and knowledge processing.

@ lIts strengths are

a solid mathematical and philosophical foundation,
1000 research publications,

experience of several hundred application projects,

an expressive and intuitive graphical representation,

and a good algorithmic basis.

@ Due to its elementary yet powerful formal theory, FCA can
express other methods, and therefore has the potential to
unify methodology of data analysis.

¢ © ¢ ¢ €
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Conclusion

Thank you for your attention!
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