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1 Background and context

This project was concerned with enriching probabilistic
models with structured knowledge representation. By a
probabilistic model we mean any formalism that can be
used to specify a complex probability distribution. For in-
stance, a Bayesian network specifies a joint probability dis-
tribution over a tuple of random variables by means of a
directed acyclic graph, in such a way that only the condi-
tional probabilities of a variable given its immediate ances-
tors need to be considered. A hidden Markov model spec-
ifies a distribution over strings by extending a finite-state
automaton that generates a language with probabilities at-
tached to the transitions.

Such probabilistic models go a certain way to combine
logic and probabilities, but there is considerable room for
improvement. In particular, the logical knowledge most
probabilistic models can handle is limited to simple propo-
sitions such as ‘the alarm went off’ or ‘the colour of this ob-
ject is red’. First-order logic extends propositional logic by
being able to reason about complex structured objects. For
instance, in first-order logic we could say that this molecule
contains an oxygen atom that has a bond with two hydro-
gen atoms, implying that a molecule is a complex object
whose parts include atoms with their own properties. There
is abundant structure in the world, and it is clear that first-
order logic is in many cases a more precise and appropri-
ate knowledge representation formalism than propositional
logic, which can provide at best a crude approximation.
The idea of integrating first-order logic and probability is
not new. Roughly speaking, there are two approaches: ei-
ther one starts from a first-order logic and extends it with
probabilities (e.g., Muggleton’s stochastic logic programs),
or one takes a probabilistic model and extends it with first-
order features (e.g., Koller’s relational probabilistic mod-
els).

With respect to the goals of inference and learning, it is
clear that there is a trade-off between expressiveness and
efficiency. By progressing from propositional to first-order
representations we are significantly increasing expressive-

ness, at the likely expense of decreasing efficiency for in-
ference and learning. The challenge of devising first-order
probabilistic models consists in striking the right balance
between expressiveness and efficiency, by counteracting
the richness of first-order representations with other restric-
tions in the model. Our conjecture was that approaches of
the first kind mentioned above, such as stochastic logic pro-
grams, are too rich to be effectively learned and thus need
to be restricted. On the other hand, approaches of the sec-
ond kind, such as relational probabilistic models, seem to
suffer from a somewhat awkward semantics which suggests
that they do not exploit the real potential of first-order rep-
resentations. This project aimed to investigate the middle
ground between these two approaches. To this end, it was
essential to keep both dual goals of inference and learning
in mind.

The approach we have followed in this project was inspired
by recent work on knowledge representation for inductive
logic programming. Assuming that the universe of dis-
course consists of a homogenous collection of similar ob-
jects, the key idea is to concentrate on first-order represen-
tations that are based on a notion of individual, which is an
aggregate of all there is to know about a particular object
in the universe of discourse. Individual-centred represen-
tations are the key to understanding the relation between
propositional learning and first- and higher-order learning.

The easiest way to perceive individual-centred representa-
tions is through typed programming languages. Each in-
dividual is represented by a term of a complex type, e.g.
a tuple type, a set type, a list type, and so on. Complex
terms have subterms, which themselves may be complex
in general, individuals may be described by an arbitrary hi-
erarchy of sets of tuples of of lists of constants. It is read-
ily seen that the joint distribution generated by a proposi-
tional Bayesian network corresponds to a cartesian prod-
ucts of atomic types, and the string distribution generated
by a hidden Markov model corresponds to a list type con-
structed from a single atomic type. Employing a first-order
representation means that the hierarchies can be more than
one level deep, and that the complex terms can use any



known aggregation mechanism. Flexible-format, hierarchi-
cal datasets are at the heart of first-order representations.

2 Key advances and supporting
methodology

The main focus of this project was on the use of individual-
centred first-order representations in probabilistic models.
Specifically, the goals of the project were as follows (taken
from the original grant proposal): (1) to devise high-level
(e.g. graphical) representations for individual-centred first-
order probabilistic models; (2) to develop efficient infer-
ence methods for these first-order probabilistic models; (3)
to develop techniques for learning first-order probabilistic
models from data; and (4) to demonstrate the usefulness of
first-order probabilistic models for practical inference and
learning tasks.

The methodology we followed was, starting from propo-
sitional Bayesian networks, to gradually endow them
with richer representation formalisms for structured data.
Specifically, we developed Hierarchical Bayesian Net-
works (Section 2.1) which can handle hierarchically struc-
tured variables; a first-order naive Bayesian classifier (Sec-
tion 2.2) that can handle non-determinate object-to-part re-
lations; and Higher-Order Bayesian Networks (Section 2.3)
which can handle arbitrary structured datatypes with non-
determinate aggregation mechanisms including lists and
sets. All these approaches incorporate facilities for struc-
tured representations, inference and learning. The methods
were evaluated on standard benchmarks such as mutagenic-
ity prediction; in addition we applied HBNs to human skill
modelling (Section 2.4).

Publications arising from this project are [3, 4, 6, 7, 8], on
which this report is based.

2.1 Hierarchical Bayesian Networks

We defined Hierarchical Bayesian Networks (HBNs) as a
generalisation of standard Bayesian networks, defined over
structured data types. Figure 1 presents a simple Hierar-
chical Bayesian Network. The structural part consists of
three variables,A,B andC, whereB is itself a pair(BI,BII).
This may be represented either using nested nodes (a), or
by a tree-like type hierarchy (b). In (c) it is shown how
the probabilistic dependency links unfold if we flatten the
hierarchical structure to a standard Bayesian network.

In an HBN two types of relationships occur between nodes:
relationships in the type structure (calledt-relationships)
and relationships that are formed by the probabilistic de-
pendency links (p-relationships). In Figure 1B has two
t-children, namelyBI andBII , one p-parent (A) and one p-
child (C). The scope of a probabilistic dependency link
propagates through the type structure, defining a set of
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Figure 1: A simple Hierarchical Bayesian Network. (a)
Nested representation. (b) Tree representation. (c) Stan-
dard BN expressing the same dependencies. (d) Probabilis-
tic part.

higher-levelprobabilistic relationships. For example, the
higher-level parents ofC areB (as a trivial case),BI and
BII (because they are t-descendants ofB and there exists a
p-link B→C).

We addressed the problem oflearning HBNs (i.e., given
a database of observations, to construct an HBN that fits
the data) as follows. Learning the probabilistic part can be
achieved in a straightforward manner, using the relative fre-
quencies of events in the database in order to estimate the
values of the respective conditional probabilities. Deriving
the HBN structure from the database is a more complex
task. Knowledge of the type structure is exploited in HBNs
as a declarative bias, as it significantly reduces the number
of possible network structures.1 Clearly, HBNs subsume
standard Bayesian networks for which the type structure
consists of a single level, so the actual gains achieved in a
domain depend on the type structure. However, we argue
that many domains are naturally structured in a hierarchical
way, and it is exactly in those domains that the application
of HBNs is a powerful tool.

Our approach to learning the HBN structure is an adapta-
tion of the method described in [1]. We use a Bayesian
method to compute the likelihood of a structure given the
data, and search for the structure that maximises that like-
lihood. In [1] a formula is derived to computeP(BS,D)
for a Bayesian network structureBS and dataD, depend-
ing on the priorP(BS). It is straightforward to adapt their

1For example, the number of possible structures for a Bayesian net-
work with 10 nodes exceeds 1018, whereas given a type structure that
consists of a pair of 5-tuples the total number of possible HBN structures
is approximately 2.3×1010, and for a type structure of a 5-tuple of pairs
the number drops to approximately 7×106.



formula to HBNs by considering the equivalent Bayesian
network and renormalise (because there are fewer possible
HBN structures than standard BN structures containing the
same variables, given the type structure).

The next step is to find the HBN structure that maximises
that expression. Since probabilistic links occur only be-
tween siblings in the type structure, this introduces a limit
to the number of possible parents we need to consider for
each node. Furthermore, if we apply an ordering on the
nodes of the type structure (in fact, we only need an or-
dering for each subset of siblings) the number of possible
structures decreases dramatically. Allowing p-links only
between t-siblings reduces the maximum number of par-
ents, but this is achieved in a domain-specific way, instead
of simply imposing a hard limit for all the nodes. Our learn-
ing algorithm is a recursive search for the best possible p-
link setup among a set of t-siblings (t-children of the same
node in the type structure), beginning from the root of the
type structure and proceeding towards the leaves.

Hierarchical Bayesian Networks provide a means for prob-
abilistic inferenceon the variables they contain. The aim
is, given a valuation for the evidence variables, to compute
a probability distribution over the query variables. Our way
of estimating the probabilityP(Q|E) for given valuations
of sets of query and evidence variablesQ andE is by sam-
pling the HBN. Since the graph resulting from higher-level
relationships is always acyclic, there exist a total ordering
of the variables such that every variable is preceded by its
higher-level parents. We can then assign values to the vari-
ables in that order, according for each variable to the condi-
tional probability given its higher-level parents, which will
have already been given a value. If we generate a large
number of such instantiations, the relative frequency of the
cases whereQ holds divided by the relative frequency of
the cases whereE holds will converge toP(Q|E). Con-
vergence is improved using logic sampling, as described in
e.g. [10]. We have also adapted Gibbs sampling to HBNs.

More details about HBNs can be found in [7, 6]. An ap-
plication of HBNs to real-world data is described in Sec-
tion 2.4 of this report.

2.2 First-Order Bayesian Classification

In the next stage of the project, we concentrated on a par-
ticular kind of Bayesian network,viz. the network express-
ing the independence assumptions embodied in the naive
Bayesian classifier (i.e., a network with arcs from the class
node to all attribute nodes). We then proceeded to relax
the deterministic type hierarchy assumed by HBNs, by al-
lowing t-parents with a one-to-many relationship to their
t-children. For instance, a molecule consists of a variable
number of atoms. The question then becomes how to de-
fine probability distributions over sets of objects from prob-
ability distributions over objects. In [3] we considered a
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Figure 2: ROC curves in the Alzheimer’s disease domain
for 1BCand1BC2. The crosshairs denote the point chosen
by the default probability threshold of 0.5, and the diagonal
lines indicate the iso-accuracy lines at those points (higher
lines are better).

number of possibilities, including a geometric distribution
where a multi-sided die is rolled to generate objects until
a stop symbol has been reached, and a distribution which
iterates over all subsets of objects. The latter was found to
be computationally expensive, as well as yielding virtually
the same results as the geometric distribution in practice.

We then used these distributions to upgrade the1BCsystem
we developed earlier [2], which essentially applies a propo-
sitionalisation approach, to the1BC2 first-order Bayesian
classifier. Learning in 1BC2 involves estimating proba-
bility distributions over the leaf variables, as well as esti-
mating the probability of encountering the stop symbol (the
maximum likelihood estimate for this is1n+1, wheren is the
average number of objects in a set); all these probabilities
are taken conditional on the class.Inference involves cal-
culating the probability distribution over the class variable
given a valuation of the leaf variables.

We have obtained experimental results on several domains.
Here we include results on a dataset involving drugs against
Alzheimer’s disease; further experimental results can be
found in [4]. Such drugs can have several desirable prop-
erties, one of which is to inhibit amine reuptake. Figure 2
shows ROC curves comparing the performance of the1BC
and1BC2 classifiers.

More details about1BC2 can be found in [8, 4].

2.3 Higher-Order Bayesian Networks

The final stage of the project was aimed at removing
some of the unrealistic independence assumptions made
by 1BC2. The approach was to incorporate a richer
type structure by employing the higher-order logic of [9],
which includes sets and multisets represented as lambda-
expressions. This work is still ongoing as part of Elias
Gyftodimos’ PhD thesis (expected submission deadline
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Figure 3: HOBN structures for the mutagenesis domain.
(a) Under the naive Bayes assumption. (b) Extended struc-
ture.

Summer 2004). Here, we given an example of a Higher-
Order Bayesian Network (HOBN) taken from [6].

We have applied our approach on the Mutagenesis dataset.
Instances in this domain are molecular structures, and each
one is described by four propositional attributes and a set
of atoms. The atoms themselves are characterised by three
propositional attributes and two sets of “incoming” and
“outgoing” chemichal bonds. The task is to predict whether
particular molecules are mutagenic or not. For our exper-
iments, we have constructed several HOBNs based on the
same type structure for instances, and tested different sets
of p-links between the nodes. We have employed sets for
non-determinate aggregation, and used a geometric distri-
bution (as in1BC2) to compute conditional probabilities
involving sets. Figure 3 shows two such structures, one cor-
responding to the “naive” assumption of attribute indepen-
dence given the class (equivalent to the1BC2 approach),
and the other containing a set of p-links that was found to
increase the accuracy considerably.

2.4 Application to human skill modelling

We have explored how HBNs can be applied to the problem
of modelling right arm motion in cello playing. This prob-
lem has been studied by [5], where Bayesian networks are
proposed as a suitable descriptive model. Their approach is
based on analysing data measurements acquired by an ama-
teur and a professional cello player executing a short music
extract. The task is to build a model for each performer’s
behaviour and see how differences in their playing are re-
flected in those models. This problem is inherently hier-
archical and therefore well-suited for modelling by HBNs.
Models are built observing firstly the position of different
joints and secondly muscular activity of the right arm dur-
ing the execution of a short musical extract.

In order to apply our approach to this data, we calculated
angular velocity and acceleration for each instance as the
first and second derivatives, respectively, of the correspond-
ing angle variable. Subsequently, both angular and EMG
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Figure 4: Musculoskeletal HBNs learned from data. (a)
Amateur player. (b) Professional player.

data were quantised to a small number of possible values.
Low pass filters were used throughout the process in order
to eliminate noise. The derived values for each time point
were used as independent instances of data.

We have conducted two series of experiments in order to
learn HBNs that model the available data. In the first one
we derived the probabilistic part for an HBN having the
structure used by [5]. In the second series of experiments,
only the type structure was given, and the task was to learn
both the p-links and the probabilistic part. For efficiency
reasons, an ordering on the nodes has been taken into ac-
count on the first level of the type structure, in the direction
from the shoulder to the wrist. We make no further assump-
tions about dependencies between the nodes. The struc-
tures derived are shown in Figure 4, and deviate from the
handcrafted Bayesian network structure used by [5]. No-
table differences exist between the structures derived for
the amateur and the professional. For instance, it can be
seen that for the professionalshoulderandbrachii are inde-
pendent givendeltoid, which does not hold for the amateur.
There are also various differences at the lowest level of the
type hierarchy.

We thus derived four different models: for each of the
players we built two HBNs, one over a fixed HBN struc-
ture that was supplied as prior knowledge (HBNP) and one
where the HBN structure was derived from the observa-
tions (HBND). In order to evaluate those models further
we applied the inference method described in Section 2.1
to compute the probabilities of a set of queries that reflect



Query HBNP,ama HBNP,pro HBND,ama HBND,pro

Q1 0.128 0.695 0.409 0.788
Q2 0.491 0.721 0.416 0.564
Q3 0.483 0.687 0.457 0.546
Q4 0.244 0.275 0.234 0.117
Q5 0.210 0.264 0.230 0.247

Table 1: Probabilities associated with various queries.

some intuitive rules for the domain.

Q1 P(wrist.velocity6= 0): This is a measure of the extent that
the player was using his wrist.

Q2 P(elbow.velocity6= 0|shoulder.angle=Closed): Quantifies
the movement of the elbow when the arm is close to the
body.

Q3 P(elbow.velocity6= 0|shoulder.angle=Open): Quantifies the
movement of the elbow when the arm is away from the body.

Q4 P(triceps=High|elbow.velocity> 0): Measure of the triceps
muscle activity when the elbow joint is opening.

Q5 P(deltoid.anterior=High|elbow.velocity> 0): Measure of
the anterior deltoid muscle activity when the elbow joint is
opening.

Results displayed in Table 1 show that a lot of meaningful
information is captured regarding the professional’s skill.
From Q1 we see that the experienced player is making sig-
nificantly more use of his wrist. Q2 and Q3 suggest that the
professional is also moving his elbow more, for different
positions of the shoulder joint. These observations reflect
a known fact among cello tutors, namely that experienced
students make better use of their wrist and elbow, whereas
beginners tend to rely a lot on their shoulder for moving
the bow. Q4 and Q5 show that the professional is more
likely to be using his deltoid muscle than the brachii triceps
when opening the elbow (“down bowing” movement); for
the amateur, the probabilities are slightly higher in favour
of using the brachii triceps. Note that this difference is bet-
ter reflected in theHBND models.

3 Project plan review

We have stuck to and achieved the original objectives of
the project: (1) to devise high-level (e.g. graphical) rep-
resentations for individual-centred first-order probabilistic
models; (2) to develop efficient inference methods for these
first-order probabilistic models; (3) to develop techniques
for learning first-order probabilistic models from data; and
(4) to demonstrate the usefulness of first-order probabilistic
models for practical inference and learning tasks.

The original project plan was roughly as follows: year 1
– graphical representation and inference methods; year 2
– learning methods; year 3 – experiments, integration and
dissemination. Relatively early on it became clear that a
more iterative approach was required, so that experience

with e.g. learning simple models could feed back into the
graphical representation. We therefore abandoned the orig-
inal project plan in favour of a three-stage plan investigat-
ing probabilistic models of increasing complexity, as out-
lined in the previous section. In each stage we addressed
all of graphical representation, inference, learning, and ex-
perimental validation. I feel that this has worked well and
has led to more significant results than would have been
possible with the original project plan.

Some delay has occurred in that it has not been possible for
the PhD student on the project to complete his PhD thesis
in three years. Consequently, the work on Higher-Order
Bayesian Networks is still ongoing (although unfunded)
and some further results are expected.

4 Research impact and benefits to society

The project has resulted in two workshop papers [7, 6], a
conference paper [8], and two journal papers [3, 4] (the lat-
ter one awaiting final approval). In addition Elias Gyftodi-
mos is expected to submit his PhD thesis Summer 2004.
I believe this is a considerable output given the modest
resources of the project. All methods and algorithms de-
scribed in this report have been implemented and have been
or will be released in the public domain.2

There has been interest from other groups working on first-
order probabilistic models. In November last year I have
been invited to speak at the 4th Augustus de Morgan work-
shop onCombining Logic and Probability(King’s College,
London). Elias Gyftodimos currently spends four months
in the group of Prof Luc De Raedt at the University of
Freiburg in Germany, on a Marie Curie Fellowship. I am
also in touch with Dr David Page at the University of Wis-
consin at Madison (USA), who is interested in applying our
methods in bioinformatics.

More generally speaking, it is clear that the integration of
logic and probability is one of the main outstanding prob-
lems in Artificial Intelligence, and that many application
areas such as bioinformatics, information retrieval, skill
modelling, etc. benefit from the advancement of this in-
tegration. For instance, two of the benchmark problems
that we used for evaluation are from molecular biology, and
we also worked on a significant application in human skill
modelling. I believe that this project has contributed to this
advancement.

5 Explanation of expenditure

The budget of£51,360 has been spent. On some cate-
gories we have spent more than budgeted, but never more
than 15% more. On equipment we have spent consider-

2http://www.cs.bris.ac.uk/Research/MachineLearning/1BC/ and
http://www.cs.bris.ac.uk/Research/MachineLearning/fopm.html.



ably less, because of the decreasing hardware prices and
the availability of other equipment that could be used for
this project.

6 Further research and dissemination
activities

As already indicated, the work on Higher-Order Bayesian
Networks is currently being extended as part of Elias
Gyftodimos’ PhD. We expect that a further 1-2 conference
publications and 1 journal article will be published within
the next 1-2 years. The HBN/HOBN software is currently
being prepared for release in the public domain; there are
plans at the University of Freiburg for an academic reposi-
tory of software for first-order probabilistic modelling, and
we have already been invited to contribute our software.

In the middle-long term we plan to apply this work to
further problems in bioinformatics and information re-
trieval. We also plan to further study the relationship be-
tween HBN/HOBN and other first-order probabilistic mod-
els such as stochastic logic programs, Bayesian logic pro-
grams, and relational probabilistic models. Finally, we plan
to investigate in more detail the independence assumptions
that are made in HOBN, both in theory (which indepen-
dence assumptions can we make?) and in practice (how do
they affect the accuracy of inference?).
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