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Pattern matching in the streaming model

e Consider a text string, 1" and a pattern P

e \We assume we have P in advance but 1" arrives online. ..

T a|b|C|?|2]2] 2] 7] 7|7 eee
P albpla

Goal: Decide whether P matches the last | P| text characters. ..
before the next character arrives

e The definition of a match depends on the problem

e We care about worst-case time per text character
and using as little space as possible
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Streaming pattern matching in small space

What's the least space we can get away with?
- Surely, we have to store the pattern?

v
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Streaming pattern matching in small space

What's the least space we can get away with?
- Surely, we have to store the pattern?

T
P

Porat, Porat FOCS'09

e Exact pattern matching can be solved in
O(log | P|) space and O(log|P|) time per character
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Streaming pattern matching in small space

What's the least space we can get away with?
- Surely, we have to store the pattern?

fingerprints
1 S P/
P e
O(log | P)

Porat, Porat FOCS'09

e Exact pattern matching can be solved in
O(log | P|) space and O(log|P|) time per character

The algorithm is randomised,
- 1t might make mistakes but it's correct with high probability

(at least 1 — 1/\T\3)
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Streaming pattern matching in small space

What's the least space we can get away with?
- Surely, we have to store the pattern?

fingerprints
1 e P/
P e
O(log | P)

Porat, Porat FOCS'09 | [Bresizuer. Galil CPM'11

e Exact pattern matching can be solved in
O(log | P|) space and O(1) time per character

The algorithm is randomised,
- 1t might make mistakes but it's correct with high probability
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Streaming pattern matching in small space

What's the least space we can get away with?
- Surely, we have to store the pattern?

T
P

Porat, Porat FOCS 09| [Bresiauer. Galil CPM'11

e Exact pattern matching can be solved in
O(log | P|) space and O(1) time per character

e Pattern matching with £ mismatches can be solved in
O(k>polylog|P|) space and O(k*polylog|P|) time per character

Para. Matching in the Streaming Model Benjamin Sach



Streaming pattern matching in small space

What's the least space we can get away with?
- Surely, we have to store the pattern?

T
P

Porat, Porat FOCS 09| [Bresiauer. Galil CPM'11

e Exact pattern matching can be solved in
O(log | P|) space and O(1) time per character

e Pattern matching with £ mismatches can be solved in
O(k>polylog|P|) space and O(k*polylog|P|) time per character

(this algorithm is also randomised)
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Streaming pattern matching in small space

What's the least space we can get away with?
- Surely, we have to store the pattern?

T
P

Porat, Porat FOCS 09| [Bresiauer. Galil CPM'11

e Exact pattern matching can be solved in
O(log | P|) space and O(1) time per character

e Pattern matching with £ mismatches can be solved in
O(k>polylog|P|) space and O(k*polylog|P|) time per character

What else can be solved in small space?
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Streaming pattern matching in small space
Clifford, Jalsenius, Porat, S. CPM'11

We showed randomised space lower bounds of Q(|P|) bits for:
Hamming distance, Exact matching with wildcards, L,

Loand L. distances, Edit distance and Swap matching

as well as any algorithm performing convolutions

|
Alice < _ Bob

We did this by showing that better algorithms would give impossibly
good communication protocols

Para. Matching in the Streaming Model Benjamin Sach



Parameterized matching in a stream

e In parameterized matching (p-matching),

T
P
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7

7

717

7

b

a

v/

the alphabet can be relabelled

e The alphabet mapping can differ for each pattern/text alignment

e The mapping must be one-to-one (injective)

P p-matches T'[i,i 4 |P| — 1] iff there is

a one-to-one f s.t. f(Plj]) =Tt + j] for all 3
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a — 2, b — 3 gives a mapping
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a

X

the alphabet can be relabelled

there i1s no mapping - a can't map to 2 and 3

e The alphabet mapping can differ for each pattern/text alignment

e The mapping must be one-to-one (injective)
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Parameterized matching in a stream

e In parameterized matching (p-matching),
the alphabet can be relabelled

T L|2(3[2|3|3|3[7|7]|7]|eee
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there i1s no mapping - it has to be one-to-one

e The alphabet mapping can differ for each pattern/text alignment
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Parameterized matching in a stream

e In parameterized matching (p-matching),

T
P

Our Results
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the alphabet can be relabelled

>, Is the alphabet

Parameterized matching can be solved in O(|>|log |P|) space and:

e O(1) time per character when || = {1,2,3,...,|X|}

e O(y/log|¥|/loglog|X|) time per character for general ¥
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Parameterized matching in a stream

e In parameterized matching (p-matching),
the alphabet can be relabelled

T LI2[S|2[7|7|7|7|7]|7 e

P albla
\/ >, Is the alphabet

Our Results

Parameterized matching can be solved in O(|>|log |P|) space and:

e O(1) time per character when || = {1,2,3,...,|X|}

e O(y/log|¥|/loglog|X|) time per character for general ¥

Both algorithms are randomised (Monte-Carlo)

We also give an €(|X|) bit randomised space lower bound
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Parameterized matching in a stream

e In parameterized matching (p-matching),
the alphabet can be relabelled

T LI2[S|2[7|7|7|7|7]|7 e

P albla
\/ >, Is the alphabet

Our Results

Parameterized matching can be solved in O(|II|log |P|) space and:

e O(y/log|II|/loglog |II|) time per character for general II

where II C X is the set of symbols in P
which are allowed to be relabelled
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Parameterized matching in a stream

e In parameterized matching (p-matching),
the alphabet can be relabelled

T LI2[S|2[7|7|7|7|7]|7 e

P albla
Vv

Parameterized matching can be solved in O(|>|log |P|) space and:

e O(1) time per character when || = {1,2,3,...,|X|}

The remainder of the talk will focus on this result
(the others are simple generalisations)
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Predecessor Strings
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Predecessor Strings

S [EEEc
S, [N o] o e o

S1 p-matches Sy with mapping a — b, b — ¢, ¢ — a (from S7 to Ss)
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Predecessor Strings

pred(S1) |[0[0[2]0[1[4]4]2]4]|2
S1 [allla]c|c
So [DiEb]e|o D IE o I8

S1 p-matches Sy with mapping a — b, b — ¢, ¢ — a (from S7 to Ss)
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Predecessor Strings
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S1 p-matches Sy with mapping a — b, b — ¢, ¢ — a (from S7 to Ss)
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Predecessor Strings

pred(S2)  [0]0[2][0]1[4]4]2]4]2

S1 p-matches S5 with mapping a — b, b — ¢, ¢ — a (from Sy to S3)
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Predecessor Strings

pred(S2) [0]0[2]0]1]4]4]2]4]2

S1 p-matches S5 with mapping a — b, b — ¢, ¢ — a (from Sy to S3)
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Predecessor Strings

pred(S2) [0]0[2]0]1]4]4]2]4]2

S1 p-matches S5 with mapping a — b, b — ¢, ¢ — a (from Sy to S3)
pred(Sl):pred(Sg)
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Predecessor Strings

pred(S2) [0]0[2]0]1]4]4]2]4]2

S1 p-matches Sy iff pred(.S1)=pred(S2)

result due to Baker
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Predecessor Strings

pred(7)  [0]0]2][0]1][4[4][2]4]2
T @
p €l o[l [e

P p-matches T iff pred(P) = pred(T[i,i + |P| — 1])

result due to Baker
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Predecessor Strings

pred(T)  [0[0]2][0]1]4]4]2]4]2

T [a@lalc|c
P [elvlelale
pred(P) 0l012T012

P p-matches T iff pred(P) = pred(T[i,i + |P| — 1])

result due to Baker
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Predecessor Strings

pred(T)  [0J0]2][0]1]4]4]2]4]2

T [a@lalc|c
P [elvlelale
pred(P) 0l012T0]2

P p-matches T iff pred(P) = pred(T[i,i + |P| — 1])

result due to Baker

however, pred(T)[i,i + |P| — 1] # pred(T'[i,i + | P| — 1])
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Predecessor Strings

pred(T)  [0J0]2][0]1]4]4]2]4]2

T [a@lalc|c
P [elvlelale
pred(P) 0l012T0]2

P p-matches T iff pred(P) = pred(T[i,i + |P| — 1])

result due to Baker

however, pred(T)[i,i + |P| — 1] # pred(T'[i,i + | P| — 1])

some values may have to be zeroed

Para. Matching in the Streaming Model Benjamin Sach



Rabin-Karp fingerprints of strings

S ajbjajciciblalblc|b

R ol Ed k
O(S) = D _j=o Slklr” modp
Here p = ©(|T'|*) is a prime and 1 < r < p is a random integer

with high probability, ~ S7 = Sy iff ¢(S7) = @(.5)

Para. Matching in the Streaming Model Benjamin Sach



Rabin-Karp fingerprints of strings
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R ol Ed k
o(S) =D j—o Slk|r® mod p
Here p = ©(|T'|*) is a prime and 1 < r < p is a random integer

with high probability, ~ S7 = Sy iff ¢(S7) = @(.5)

Observe that ¢(S) fits in an O(log|T'|) bit word
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Rabin-Karp fingerprints of strings

S ajbjajciciblalblc|b

5(S) =S pst S[k]r® mod p
Here p = ©(|T'|*) is a prime and 1 < r < p is a random integer
with high probability, S7 = S5 iff ¢(S7) = ¢(.5)

Observe that ¢(S) fits in an O(log|T'|) bit word

Given ¢(510,7]) and ¢(S[0,r]) we can compute
d(S[+1,r]) in O(1) time

Para. Matching in the Streaming Model Benjamin Sach



Exact matching using fingerprints (Porat and Porat)

T~

"~ power-of-two

/ length prefixes

Find matches with each power-of-two length prefix
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Exact matching using fingerprints (Porat and Porat)
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Exact matching using fingerprints (Porat and Porat)

~

The 27 length prefix of P

A

The 271 |length prefix of P
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Exact matching using fingerprints (Porat and Porat)
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Exact matching using fingerprints (Porat and Porat)

a P; match is reported here

P /
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Exact matching using fingerprints (Porat and Porat)

a P; match is reported here
Pj /

T i X X

P \

need to check for a ;1 match here
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Exact matching using fingerprints (Porat and Porat)

a P; match is reported here

P \

need to check for a ;1 match here

Given ¢(T'0,¢]) and ¢(T'|0,7]) we can compute
o(T+1,r]) in O(1) time
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Exact matching using fingerprints (Porat and Porat)

a P; match is reported here

P \

need to check for a ;1 match here

Given ¢(T'0,¢]) and ¢(T'|0,7]) we can compute
o(T+1,r]) in O(1) time

To decide whether ;1 matches,
compare ¢(T[¢ + 1,7]) to ¢(P[27 +...27 —1])

Para. Matching in the Streaming Model Benjamin Sach



Exact matching using fingerprints (Porat and Porat)
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Exact matching using fingerprints (Porat and Porat)

this fingerprint. . .

iIsn't used until here
P /
7 ° /
T y ’/
Pjt1
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Exact matching using fingerprints (Porat and Porat)

this fingerprint. . .

P / iIsn't used until here
J
7 ° /
T y ’/
Pjt1

Each ¢ fits in a word but we need to store each one for a long time. ..

Para. Matching in the Streaming Model Benjamin Sach



Exact matching using fingerprints (Porat and Porat)

this fingerprint. . .

P / iIsn't used until here
J
7 ° /
T y ’/
Pjt1

Each ¢ fits in a word but we need to store each one for a long time. ..
we may have to store many (£2(|P|)) at a time.
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Exact matching using fingerprints (Porat and Porat)

this fingerprint. . .
/ Isn't used until here
@

Pjt1

Each ¢ fits in a word but we need to store each one for a long time. ..
we may have to store many (£2(|P|)) at a time.

the fingerprints themselves have to be stored in a compressed form

Para. Matching in the Streaming Model Benjamin Sach



Para. matching using fingerprints (this paper)

a P; match is reported here

P /

P \

need to check for a ;1 match here

Overall approach: Find matches using fingerprints of predecessor strings
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Para. matching using fingerprints (this paper)

a P; match is reported here

P /

P \

need to check for a ;1 match here

Overall approach: Find matches using fingerprints of predecessor strings
Key Problem 1: pred(7')[¢ + 1,r] # pred(T'[¢ + 1,1])
Key Problem 2: How do we store all the fingerprints?

Key Problem 3: How do we deamortise the algorithm?
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Key Problem 1: Correcting predecessor fingerprints

4P| -1 P -1

~

a P; match is reported here

X

s there a P;1 match ending here?
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Key Problem 1: Correcting predecessor fingerprints

4P| -1 P -1

blblclaldlalbldlelbl]] .

a P; match is reported here

s there a P;1 match ending here?
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Key Problem 1: Correcting predecessor fingerprints

pred(7") [OIOTOT3TOT3TOTOTI7OT7T 2T4T1[3[2A3[I[3[S N A2[F[3M]3MT ...

4P| -1 P -1

blblclaldlalbldlelbl]] .

a P; match is reported here

s there a P;1 match ending here?
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Key Problem 1: Correcting predecessor fingerprints

pred(7") [OTOTOT3TOT3TOTOTIT7OTTI2T4[1[32I3TIT3[F I A2[5[3MJ3MT ...

O
IF P -1 4| P -1

blblclaldlalbldlelbl]] .

a P; match is reported here

s there a P;1 match ending here?
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Key Problem 1: Correcting predecessor fingerprints

pred(7") [OTOTOT3TOT3TOTOTIT7OTTI2T4[1[32I3TIT3[F I A2[5[3MJ3MT ...

4P| -1 P -1
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a P; match is reported here
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Key Problem 1: Correcting predecessor fingerprints

pred(T)00030300179724 113113151 742(5[318317 .
0! '+ | Pj[—1 i+ Py —1
T [albldlalfTdlcTeTelalb]fT0]a clblblclaldlalbldlelblfT
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Key Problem 1: Correcting predecessor fingerprints

pred(T[i', i'4|P;j+1|—1]) [OTZI0T2[0T3[1[3T5T0T2[5I3T0T3T0T . .
pred(7") [OIOTOT3TOT3TOTOTI7OT7T2T4T1[3[2AM3[I[3[F T A2[F[3A3MT ...

CHP-1 | P] 1
T [elbld[alfTd[c]elelalb][Tolalalblalclblblclaldlaloldlelblf]

P;4+1 p-matches iff

pred(T'[¢', #'+|Pj41|—1]) = pred(Pj+1)
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Key Problem 1: Correcting predecessor fingerprints

pred(T'[i, '+ |Pj+1|—1])[| B, |Pj+1| — 1] [GI0[2]5]3]0]3
pred(T'[¢', i'+|P;+1/—1]) [0I1]0T2]0T3T1T3[5T012[5[310T310] .
pred(7") [OIOTOT3TOT3TOTOTI7OT7T2T4T1[3[2AM3[I[3[F T A2[F[3A3MT ...

0l ...
—

CHP-1 | P] 1
T [elbld[alfTd[c]elelalb][Tolalalblalclblblclaldlaloldlelblf]

As P; p-matches,
P;4+1 p-matches iff

pred(T'[¢', &'+ |Pjy1| = 1D Pj|; [Pj41| — 1] = pred(Pj11)[| P}, [Pj41| — 1]

X A

Compute this online Precompute this
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Key Problem 1: Correcting predecessor fingerprints

pred(T'[i, '+ |Pj+1|—1])[| B, |Pj+1| — 1] [GI0[2]5]3]0]3
pred(T'[¢', i'+|P;+1/—1]) [0I1]0T2]0T3T1T3[5T012[5[310T310] .
pred(7") [OIOTOT3TOT3TOTOTI7OT7T2T4T1[3[2AM3[I[3[F T A2[F[3A3MT ...

0l ...
—

CHP-1 | P] 1
T [elbld[alfTd[c]elelalb][Tolalalblalclblblclaldlaloldlelblf]

As P; p-matches,
P;4+1 p-matches iff

pred(T'[¢', &'+ |Pjy1| = 1D Pj|; [Pj41| — 1] = pred(Pj11)[| P}, [Pj41| — 1]

X A

Compute this online Precompute this
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Key Problem 1: Correcting predecessor fingerprints

pred(7") [0]0]O]3]0

pred(T[i, i'4|Pj 1| —1])[|P;l, | Pj+1]| — 1] [EI0 31013107 ..
pred(T'[¢/, i'4+|P;j+1|—1]) 110[2]0]3T113]5]0 3101310] .
310[0]1|7(9]|7 13120131357 183117

P14 |-

T [aTbldlalfldlclelelalb|T alplalelplblclald dlelolf1.
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Key Problem 1: Correcting predecessor fingerprints

pred(7") [0]0]O]3]0

pred(T'[i, '+ |Pj+1|=1])[| P, |Pj+1| — 1] [GI0]2]5]3]0]3]0
pred(T[i’, i'+|Pi1|—1]) [OOROBIBEDLREREOBE0
31010[1]7]19|7 11312013113 [bll7 183117
CHP-1 | P] 1
T [aTbldlalfldlclelelalb|T alblalclplblclald dlelolf1.
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Key Problem 1: Correcting predecessor fingerprints

pred(7)
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pred(T'[¢, @'+ |Pj11|—1])[| Pjl, [Pj41] — 1] [GI0T2]513]0T3
pred(T'[¢’, i'+|Pj+1/—1]) [OII020BIBHI0R2[53[013

010{01310131010[{1[7({9]7({214[1]13[{2[113[1[{3[50742(5[31A8317 .
Z' ZHPJ\— Z+\Pg+1!—
albldlalf1d v
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Key Problem 1: Correcting predecessor fingerprints

pred(T'[é", 4" +|Pjpa|=1)IIPj], [Pj4a = 1] [5I0]2]5[3T013
pred(T[i’, i’ +|Pj11|—1]) [O[I0RI0BIBIHI02153[03]10] .
pred(T)000303001797241321131351725318317jjjj

A ZHPJ\— z+\Pg+1!—
T [albldlalfTd AN
‘V\\‘\/ /

0l ...
—

All these characters have large predecessor values. .. . | ct P;
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pred(T)000303001797241321131351725318317jjjj

’i/ Z—|—’Pj‘— Z+‘P-|-1’_1
T [albld]alfTd b
‘V\\‘\/ /

0l ...
—

All these characters have large predecessor values. .. . | ct P;

There are O(|X|) such characters in an O(|P;11|) length text window. ..
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Key Problem 1: Correcting predecessor fingerprints

pred(T'[é", 4" +|Pjpa|=1)IIPj], [Pj4a = 1] [5I0]2]5[3T013
pred(T[i’, i’ +|Pj11|—1]) [O[I0RI0BIBIHI02153[03]10] .
pred(T)000303001797241321131351725318317jjjj

’i/ Z—|—’Pj‘— Z+‘P-|-1’_1

0l ...
—

All these characters have large predecessor values. .. . | ct P;

There are O(|X|) such characters in an O(|P;11|) length text window. ..
so we can store them all
Modifying the fingerprint in O(|%|) time is simple arithmetic. ..
don’t panic about the time complexity - we'll fix that later
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Key Problem 1: Correcting predecessor fingerprints

4P| -1 P -1
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Key Problem 1: Correcting predecessor fingerprints

O
IF P -1 4| P -1

~

a P; match is reported here

X

s there a P;1 match ending here?
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Key Problem 1: Correcting predecessor fingerprints

we need to store this fingerprint. . .

\ until 1t's used here

O
IF P -1 4| P -1

~

a P; match is reported here

X

s there a P;1 match ending here?
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Key Problem 2: Storing the fingerprints

The structure of exact matches

either every p or far apart

P
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this allowed the partial exact matches with each P; to be encoded
as an arithmetic progression in constant space
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this allowed the partial exact matches with each P; to be encoded
as an arithmetic progression in constant space

the fingerprints can also be encoded in an analagous manner
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Key Problem 2: Storing the fingerprints

The structure of parameterized matches

Y A
N AN
' N R
T| X X X X X X X X X X X
Y[ <6[X] ot tp
P K

this allows the partial parameterized matches with each P; to be encoded
in O(|%]) space

the fingerprints can also be encoded in an analagous manner
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Key Problem 3: Deamortising the algorithm

As described, the algorithm takes O(|X|) time per prefix match found.

Using an idea of Breslauer and Galil, this is reduced to O(1) per char.
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As described, the algorithm takes O(|X|) time per prefix match found.

Using an idea of Breslauer and Galil, this is reduced to O(1) per char.

P

\ The longest prefix P|0, 7] with
parameterized period at most ¢- [X|log | P|.
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\ The longest prefix P|0, 7] with
parameterized period at most ¢- [X|log | P|.
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We also give a deterministic algorithm which outputs all P[0, j| matches
in O(|X|log |P|) space and O(1) time per character.
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Key Problem 3: Deamortising the algorithm

As described, the algorithm takes O(|X|) time per prefix match found.

Using an idea of Breslauer and Galil, this is reduced to O(1) per char.

P

\ The longest prefix P|0, 7] with
parameterized period at most ¢- [X|log | P|.

Matches with P[0, j 4 1] are Q(|3|log | P|) alignments apart.

We also give a deterministic algorithm which outputs all P[0, j| matches
in O(|X|log |P|) space and O(1) time per character.

(in fact it works for any pattern with small parameterized period)
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Conclusions

T LI2[8|2[7|7|7[7|7]|7|eee

P alpla \/
Our Main Results 2. 1s the alphabet

Parameterized matching can be solved in O(|3|log |P|) space and:

e O(1) time per character when |X| = {1,2,3,..., |3}

e O(y/log|X|/loglog|X|) time per character for general %

Both algorithms are randomised (Monte-Carlo)

Thank you for listening
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