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Motivation

Problem considered in:

I artificial intelligence
I computer vision
I optimisation



Importance

Quadratic submodular polynomials

=

minimisation via (s, t)-Min-Cut.
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Submodularity

I key concept in combinatorial optimisation

I discrete analogue of convexity
I given finite V and ψ : 2V → R,
ψ(A ∪B) + ψ(A ∩B) ≤ ψ(A) + ψ(B) for all A,B ⊆ V

I examples: cut fns, matroid rank fns, entropy fns
I DIGRAPH MIN-COST-HOM: min-max ordering
I VCSP, MAX-CSP: tractability
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Recognition hard even for k=4.
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Expressibility

p ∈ 〈L〉 ⇔ p(x) = min
z

∑
i

pi(x, z) + c (pi ∈ L, c ∈ R)
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2 extra variables, 1 is provably not enough
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Notation

Subk = submodular polynomials of degree k
Sub = all submodular polynomials
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fPol(Sub) 6= fPol(Sub2)
⇓

Sub = 〈Sub2〉
⇓

World is still nice.
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Let p ∈ Sub4. Then the following are equivalent:
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2. ∀{i, j}, {k, l} ⊆ [n] distinct : aij + akl + aijk + aijl ≤ 0

3. p ∈ Cone(Fans4)

4. Fsep ∈ Mul({p})
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Translation of different representations.
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Recognition p ∈ 〈Sub2〉 easy assuming p ∈ Sub4.

Recognition Sub4 co-NP-C. [Gallo, Simeone; Crama ’88]
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1. Testing p ∈ Sub4 ∩ 〈Sub2〉 is co-NP-C.

2. Not all extreme rays are Fans (Promislow & Young).
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Multimorphism definition

F = 〈f1, . . . , fk〉 : Dk → Dk is a multimorphism of p in m
variables if and oly if for all t1, . . . , tk ∈ Dm,

k∑
i=1

p(ti) ≥
k∑

i=1

p(fi(t1, . . . , tk)).

(where fi is applied coordinatewise)
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