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Abstract. As most ‘real-world’ data is structured, research in kernel
methods has begun investigating kernels for various kinds of structured
data. One of the most widely used tools for modeling structured data
are graphs. An interesting and important challenge is thus to investigate
kernels on instances that are represented by graphs. So far, only very
specific graphs such as trees and strings have been considered.
This paper investigates kernels on labeled directed graphs with general
structure. It is shown that computing a strictly positive definite graph
kernel is at least as hard as solving the graph isomorphism problem.
It is also shown that computing an inner product in a feature space
indexed by all possible graphs, where each feature counts the number
of subgraphs isomorphic to that graph, is NP-hard. On the other hand,
inner products in an alternative feature space, based on walks in the
graph, can be computed in polynomial time. Such kernels are defined in
this paper.

1 Introduction

Support vector machines [1] are among the most successful recent developments
within the machine learning community. Along with some other learning algo-
rithms they form the class of kernel methods [15]. The computational attrac-
tiveness of kernel methods is due to the fact that they can be applied in high
dimensional feature spaces without suffering from the high cost of explicitly com-
puting the feature map. This is possible by using a positive definite kernel k on
any set X . For such k : X × X → R it is known that a map φ : X → H into a
Hilbert space H exists, such that k(x, x′) = 〈φ(x), φ(x′)〉 for all x, x′ ∈ X .

Kernel methods have so far successfully been applied to various tasks in
attribute-value learning. Much ‘real-world’ data, however, is structured – there
is no natural representation of the instances of the learning problem as a tuple of
constants. In computer science graphs are a widely used tool for modeling struc-
tured data. They can be used, for example, as a representation for molecules.

Unfortunately, due to the powerful expressiveness of graphs, defining appro-
priate kernel functions for graphs has proven difficult. In order to control the
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complexity of such kernels, one line of existing research has concentrated on
special kinds of graphs, in particular, trees [2] or strings [17, 14] which results in
efficient kernels, but loses most of the power of general graphs. More recently,
[4, 9] have investigated efficient kernels for general graphs based on particular
kinds of walks, which captures more, but still far from all of the structure of
the graph. An interesting open problem is thus whether approaches such as the
latter can be further generalized, and if so, if it is possible to define kernels that
take the entire structure of graphs into account.

In this paper, we give answers to both of these questions. Firstly, we prove
that computing any kernel function that is capable of fully recognizing the struc-
ture of graphs (using subgraph-isomorphism) is NP-hard, making it extremely
unlikely that efficient kernels can be found. Secondly, we show that nonethe-
less there is room for improvement by presenting a generalized family of kernels
based on walks which includes the kernels proposed in [4, 9] as special cases while
still being polynomially computable.

The outline of the paper is as follows: Section 1.1 first gives an intuitive
overview over the important results of this paper. Section 2 gives then a brief
overview of graph theoretic concepts. Section 3 defines what might be the ideal
graph kernel but also shows that such kernels cannot be computed in polyno-
mial time. Section 4 and 5 introduce alternative graph kernels. Section 6 shows
how these kernels can be extended and computed efficiently. Finally, section 7
discusses related work and section 8 concludes with future work.

1.1 Motivation and Approach

Consider a graph kernel that has one feature ΦH for each possible graph H, each
feature ΦH(G) measuring how many subgraphs of G have the same structure as
graph H. Using the inner product in this feature space, graphs satisfying certain
properties can be identified. In particular, one could decide whether a graph has
a Hamiltonian path, i.e., a sequence of adjacent vertices and edges that contains
every vertex and edge exactly once. Now this problem is known to be NP-hard,
i.e., it is strongly believed that this problem can not be solved in polynomial
time. Thus we need to consider alternative graph kernels.

We investigate mainly two alternative approaches. One is to define a similar-
ity of two graphs based on the length of all walks between each pair of vertices
in the graph. The other is to measure the number of times given label sequences
occur in this graph. The inner product in this feature space can be computed
directly, by first building the product graph and then computing the limit of a
matrix power series of the adjacency matrix. In both cases the computation is
possible in polynomial time.

To illustrate these kernels, consider a simple graph with four vertices labeled
‘c’, ‘a’, ‘r’, and ‘t’, respectively. We also have four edges in this graph: one from
the vertex labeled ‘c’ to the vertex labeled ‘a’, one from ‘a’ to ‘r’, one from ‘r’ to
‘t’, and one from ‘a’ to ‘t’. The non-zero features in the label pair feature space are
φc,c = φa,a = φr,r = φt,t = λ0, φc,a = φa,r = φr,t = λ1, φa,t = λ1 +λ2, φc,r = λ2,
and φc,t = λ2. The non-zero features in the label sequence feature space are
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φc = φa = φr = φt =
√
λ0, φca = φar = φat = φrt =

√
λ1, φcar = φcat = λ2,

and φcart =
√
λ3. The λi are user defined weights and the square-roots appear

only to make the computation of the kernel more elegant. In particular, we show
how closed forms of the inner products in this feature space can be computed
for exponential and geometric choises of λi.

2 Graphs

This section gives a brief overview of graphs. For a more in-depth discussion of
these and related concepts the reader is referred to [3, 13].

2.1 Basic Terminology and Notation

Generally, a graph G is described by a finite set of vertices V, a finite set of edges
E , and a function Ψ . For hypergraphs this function maps each edge to a set of
vertices Ψ : E → {X ⊆ V}. For undirected graphs the codomain of the function is
restricted to sets of vertices with two elements only Ψ : E → {X ⊆ V : |X| = 2}.
For directed graphs the function maps each edge to the tuple consisting of its
initial and terminal node Ψ : E → {(u, v) ∈ V × V}. Edges e in a directed graph
for which Ψ(e) = (v, v) are called s. Two edges e, e′ are parallel if Ψ(e) = Ψ(e′).
We will sometimes assume some enumeration of the vertices in a graph, i.e.,
V = {νi}n

i=1 where n = |V|.
For labeled graphs there is additionally a set of labels L along with a function

label assigning a label to each edge and/or vertex. In edge-labeled graphs, labels
are assigned to edges only; in vertex-labeled graphs, labels are assigned to vertices
only; and in fully-labeled graphs, labels are assigned to edges and vertices. It is
useful to have some enumeration of all possible labels at hand, i.e., L = {�r}r∈N

1.
In this paper we are mainly concerned with labeled directed graphs without

parallel edges. In this case we can – for simplicity of notation – identify an edge
with its image under the map Ψ . In what follows ‘graph’ will always refer to
labeled directed graphs without parallel edges. Each graph will be described
by a two-tuple G = (V, E) such that E ⊆ V × V. To refer to the vertex and
edge set of a specific graph we will use the notation V(G), E(G). Wherever we
distinguish two graphs by their subscript (Gi) or some other symbol (G′, G∗)
the same notation will be used to distinguish their vertex and edge sets.

A generalization of the concepts and functions described in this paper to
graphs with parallel edges is straightforward, however, directly considering them
in this paper would obscure notation. Graphs with undirected edges can – for
all purposes of this paper – be identified with a directed graph that has two
edges for each edge in the undirected graph. Graphs without labels can be seen
as a special case of labeled graphs where the same label is assigned to each edge
and/or vertex. Hypergraphs are not considered in this paper.
1 While �1 will be used to always denote the same label, l1 is a variable that can take

different values, e.g., �1, �2, . . .. The same holds for vertex ν1 and variable v1.
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Last but not least we need to define some special graphs. A walk2 w is a
sequence of vertices w = v1, v2, . . . vn+1; vi ∈ V such that (vi, vi+1) ∈ E . The
length of the walk is equal to the number of edges in this sequence, i.e., n in the
above case. A path is a walk in which vi �= vj ⇔ i �= j. A cycle is a path with
(vn+1, v1) ∈ E .

A graph G = (V, E) is called connected if there is a walk between any two
vertices in the following graph: (V, E ∪ {(u, v) : (v, u) ∈ E}). For a graph G =
(V(G), E(G)), we denote by G[V∗] the subgraph induced by the set of vertices
V∗ ⊆ V(G), that is G[V∗] = (V∗, {(u, v) ∈ E(G) : u, v ∈ V∗}). A subgraph of G
is a graph H = (V(H), E(H)) with V(H) ⊆ V(G) and E(H) ⊆ E(G[V(H)]). A
subgraph H of G is proper if V(H) ⊂ V(G); it is spanning if V(H) = V(G). If a
path or a cycle is a subgraph of a graph G, it is often called a walk or cycle in
G. A spanning path in G is called a Hamiltonian path; a spanning cycle in G is
called a Hamiltonian cycle.

2.2 Matrix Notation and Some Functions

For the description of our graph kernels it turns out to be useful to have a matrix
representation for (labeled directed) graphs. Let [A]ij denote the element in the
i-th row and j-th column of matrix A. For two m × n matrices A,B (given by
[A]ij , [B]ij ∈ R) the inner product is defined as 〈A,B〉 =

∑
i,j [A]ij [B]ij . Fur-

thermore, I denotes the identity matrix; 0,1 denote matrices with all elements
equal to 0, 1, respectively.

A graph G can uniquely be described by its label and adjacency matri-
ces. The label matrix L is defined by [L]ri = 1 ⇔ �r = label(νi), [L]ri =
0 ⇔ �r �= label(νi). The adjacency matrix E is defined by [E]ij = 1 ⇔ (νi, νj) ∈
E , [E]ij = 0 ⇔ (νi, νj) �∈ E . We also need to define some functions describ-
ing the neighborhood of a vertex v in a graph G: δ+(v) = {(v, u) ∈ E} and
δ−(v) = {(u, v) ∈ E}. Here, |δ+(v)| is called the outdegree of a vertex and
|δ−(v)| the indegree. Furthermore, the maximal indegree and outdegree are de-
noted by ∆−(G) = max{|δ−(v)|, v ∈ V} and ∆+(G) = max{|δ+(v)|, v ∈ V},
respectively. It is clear that the maximal indegree equals the maximal column
sum of the adjacency matrix and that the maximal outdegree equals the maximal
row sum of the adjacency matrix. For a ≥ min{∆+(G), ∆−(G)}, an is an upper
bound on each component of the matrix En. This will be useful to determine
the convergence properties of some graph kernels.

2.3 Interpretation of Matrix Powers

First consider the diagonal matrix LL�. The i-th element of the diagonal of this
matrix, i.e. [LL�]ii, corresponds to the number of times label �i is assigned to a
vertex in the graph. Now consider the matrix E. The component [E]ij describes
whether there is an edge between vertex νi and νj . Now we combine the label

2 What we call ‘walk’ is sometimes called an ‘edge progression’.
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and adjacency matrix as LEL�. Each component [LEL�]ij corresponds to the
number of edges between vertices labeled �i and vertices labeled �j .

Replacing the adjacency matrix E by its n-th power (n ∈ N, n ≥ 0), the
interpretation is quite similar. Each component [En]ij of this matrix gives the
number of walks of length n from vertex νi to νj . Multiplying this with the
label matrix, we obtain the matrix LEnL�. Each component [LEnL�]ij now
corresponds to the number of walks of length n between vertices labeled �i and
vertices labeled �j .

2.4 Product Graphs

Product graphs [8] are a very interesting tool in discrete mathematics. The four
most important graph products are the Cartesian, the strong, the direct, and the
lexicographic product. While the most fundamental one is the Cartesian graph
product, in our context the direct graph product is the most important ones.

Usually, graph products are defined on unlabeled graphs. However, in many
real-world machine learning problems it could be important to be able to deal
with labeled graphs. We extend the definition of graph products to labeled graphs
and give the relevant definition in the appropriate places in this paper.

3 Complete Graph Kernels

In this section, all vertices and edges are assumed to have the same label. If there
is no polynomial time algorithm for this special case then there is obviously no
polynomial time algorithm for the general case.

When considering the set of all graphs G, many graphs in this set differ only
in the enumeration of vertices, and thus edges, and not in their structure: these
graphs are isomorphic. Since usually in learning, the names given to vertices in
different graphs have no meaning, we want kernels not to distinguish between
isomorphic graphs. Formally, two graphs G,H are isomorphic if there is a bijec-
tion ψ : V(G) → V(H) such that for all (u, v) ∈ E(G) ⇔ (ψ(u), ψ(v)) ∈ E(H).
We denote that G,H are isomorphic by G � H. In the remainder of this paper
we define all kernels and maps on the quotient set of the set of all graphs with
respect to isomorphism, i.e., the set of equivalence classes. To keep the notation
simple, we will continue to refer to this set as G, and also refer to each equivalence
class simply by one of its representative graphs.

While it is easy to see that graph isomorphism is in NP it is – in spite of a lot
of research devoted to this question – still not known whether graph isomorphism
is in P or if it is NP-complete. It is believed that graph isomorphism lies between
P and NP-complete [11].

The first class of graph kernels we are going to consider is those kernels that
allow to distinguish between all (non-isomorphic) graphs in feature space. If a
kernel does not allow us to distinguish between two graphs then there is no
way any learning machine based on this kernel function can separate these two
graphs. Investigating the complexity of graph kernels that distinguish between
all graphs is thus an interesting problem.
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Definition 1. Let G denote the set of all graphs and let Φ : G → H be a map
from this set into a Hilbert space H. Furthermore, let k : G ×G → R be such that
〈Φ(G), Φ(G′)〉 = k(G,G′). If Φ is injective, k is called a complete graph kernel.

Proposition 1. Computing any complete graph kernel is at least as hard as
deciding whether two graphs are isomorphic.

Proof. Let all functions be as in definition 1. As Φ is injective, k(G,G)−2k(G,G′)
+ k(G′, G′) = 〈Φ(G) − Φ(G′), Φ(G) − Φ(G′)〉 = 0 if and only if G � G′. 
�

It is well known that there are polynomial time algorithms to decide iso-
morphism for several restricted graph classes [11], for example, planar graphs.
However, considering kernels on restricted graph classes is beyond the scope
of this paper. The remaining question for us is whether the above complex-
ity result is tight, i.e., if there is a complete graph kernel that is (exactly)
as hard as deciding graph isomorphism. This is obvious considering the ker-
nel k(G,G′) = 1 ⇔G � G′ and k(G,G′) = 0 ⇔G �� G′. Now the following
corollary is interesting.

Corollary 1. Computing any strictly positive definite graph kernel is at least as
hard as deciding whether two graphs are isomorphic.

Proof. This follows directly from proposition 1 and strictly positive definite
graph kernels being complete. 
�

We will now look at another interesting class of graph kernels. Intuitively, it
is useful to base the similarity of two graphs on their common subgraphs.

Definition 2. Let G denote the set of all graphs and let λ be a sequence λ1, λ2, . . .
of weights (λn ∈ R;λn > 0 for all n ∈ N). The subgraph feature space is defined
by the map Φ : G → H into the Hilbert space H with one feature ΦH for each
connected graph H ∈ G, such that for every graph G ∈ G

ΦH(G) = λ|E(H)| |{G′ is subgraph of G : G′ � H}|
Clearly, the inner product in the above feature space is a complete graph

kernel and thus computing the inner product is at least as hard as solving the
graph isomorphism problem. However, we are able to show an even stronger
result.

Proposition 2. Computing the inner product in the subgraph feature space is
NP-hard.

Proof. Let Pn ∈ G be the path graph with n edges and let eH be a vector
in the subgraph feature space such that the feature corresponding to graph H
equals 1 and all other features equal 0. Let G be any graph with m vertices. As
{Φ(Pn)}n∈N is linearly independent, there are α1, . . . , αm such that α1Φ(P1) +
. . . + αmΦ(Pm) = ePm . These α1, . . . , αm can be found in polynomial time, as
in each image of a path Pn under the map Φ only n features are different from
0. Then, α1 〈Φ(P1), Φ(G)〉 + . . . + αm 〈Φ(Pm), Φ(G)〉 > 0 if and only if G has a
Hamiltonian path. However, it is well known that the decision problem whether
a graph has a Hamiltonian path is NP-complete. 
�
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A first approach to defining graph kernels for which there is a polynomial
time algorithm might be to restrict the feature space of Φ to features ΦH where
H is a member of a restricted class of graphs. However, even if H is restricted
to paths the above proof still applies. Closely related to the Hamiltonian path
problem is the problem of finding the longest path in a graph. This problem
is known to be NP-complete even on (most) restricted graph classes [16]. Thus
even restricting the domain of Φ is not likely to improve the computational
complexity.

The results shown in this section indicate that it is intractable to compute
complete graph kernels and inner products in feature spaces made up by graphs
isomorphic to subgraphs. Our approach to define polynomial time computable
graph kernels is to have the feature space be made up by graphs homomorphic
to subgraphs. In the remainder of this paper we will thus concentrate on walks
instead of paths in graphs.

4 Kernels Based on Label Pairs

In this section we consider vertex-labeled graphs only. In some applications there
is reason to suppose that only the distance between (all) pairs of vertices of some
label has an impact on the classification of the graph. In such applications we
suggest the following feature space.

Definition 3. Let Wn(G) denote the set of all possible walks with n edges in G
and let λ be a sequence λ0, λ1, . . . of weights (λn ∈ R;λn ≥ 0 for all n ∈ N). For
a given walk w ∈ Wn(G) let l1(w) denote the label of the first vertex of the walk
and ln+1(w) denote the label of the last vertex of the walk.

The label pair feature space is defined by one feature φ�i,�j for each pair of
labels �i, �j:

φ�i,�j (G) =
∞∑

n=0

λn |{w ∈ Wn(G) : l1(w) = �i ∧ ln+1(w) = �j}|

Let all functions and variables be defined as in definition 3. The key to
efficient computation of the kernel corresponding to the above feature map is
the following equation:

〈φ(G), φ(G′)〉 =

〈
L

( ∞∑
i=0

λiE
i

)
L�, L′


 ∞∑

j=0

λjE
′j


L′�

〉

As we are only interested in cases in which ||φ(G)|| is finite, we generally
assume that

∑
i λia

i for a = min{∆+(G), ∆−(G)} converges. To compute this
graph kernel, it is then necessary to compute the above matrix power series. See
section 6.1 for more details.

Although the map φ�i,�j is injective if the function label is injective, the
dimensionality of the label pair feature space is low, if the number of different
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labels is low. In particular the dimensionality of the label pair feature space
equals the number of different labels squared (that is |L|2). In domains in which
only few labels occur, this might be a feature space of too low dimension.

One obvious way to achieve a higher dimensional – and thus more expressive
– feature space is to use a more expressive label set including, for example,
some information about the neighborhood of the vertices. Still, this manual
enrichment of the feature space is not in all cases desired. For that reason, in
the next section we describe a kernel function that operates in a more expressive
feature space. The key idea of the kernel is to have each dimension of the feature
space correspond to one particular label sequence. Thus even with very few –
and even with a single – labels, the feature space will already be of infinite
dimension.

5 Kernels Based on Contiguous Label Sequences

In this section we consider graphs with labels on vertices and/or edges. In the
presence of few labels, the kernel described in the previous section suffers from
too little expressivity. The kernel described in this section overcomes this by
defining one feature for every possible label sequence and then counting how
many walks in a graph match this label sequence. In order not to have to dis-
tinguish all three cases of edge-labeled, vertex-labeled, and fully-labeled graphs
explicitly, we extend the domain of the function label to include all vertices and
edges. In edge-labeled graphs we define label(v) = # for all vertices v and in
vertex-labeled graphs we define label(u, v) = # for all edges (u, v).

We begin by defining the feature space of contiguous (or unbroken) label
sequences and the direct graph product, central to the further developments in
this section.

Definition 4. Let Sn denote the set of all possible label sequences of walks with
n edges and let λ be a sequence λ0, λ1, . . . of weights (λi ∈ R;λi ≥ 0 for all
i ∈ N). Furthermore, let Wn(G) denote the set of all possible walks with n edges
in graph G. For a given walk w ∈ Wn(G) let li(w) denote the i-th label of the
walk.

The sequence feature space is defined by one feature for each possible label se-
quence. In particular, for any given length n and label sequence s = s1, . . . , s2n+1;
s ∈ Sn, the corresponding feature value for every graph G is:

φs(G) =
√
λn |{w ∈ Wn(G),∀ i : si = li(w)}|

Definition 5. We denote the direct product of two graphs G1 = (V1, E1), G2 =
(V2, E2) by G1 ×G2. The vertex and edge set of the direct product are respectively
defined as:

V(G1 ×G2) = {(v1, v2) ∈ V1 × V2 : (label(v1) = label(v2))}
E(G1 ×G2) = {((u1, u2), (v1, v2)) ∈ V2(G1 ×G2) :

(u1, v1) ∈ E1 ∧ (u2, v2) ∈ E2 ∧ (label(u1, v1) = label(u2, v2))}
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A vertex (edge) in graph G1 × G2 has the same label as the corresponding
vertices (edges) in G1 and G2.

Before giving the definition of direct product graph kernels we will now de-
scribe and interpret some properties of the product graph. The following propo-
sition relates the number of times a label sequence occurs in the product graph
to the number of times it occurs in each factor.

Proposition 3. Let all variables and functions be defined as in definition 4 and
5. Furthermore, let G,G′ be two graphs. Then

|{w ∈ Wn(G×G′),∀i : si = li(w)}|
=|{w ∈ Wn(G),∀i : si = li(w)}| · |{w ∈ Wn(G′),∀i : si = li(w)}|

Proof. It is sufficient to show a bijection between every walk in the product
graph and one walk in both graphs such that their label sequences match.

Consider first a walk in the product graph w∗ ∈ Wn(G×G′):

w∗ = (v1, v′
1), (v2, v

′
2), . . . , (vn, v

′
n)

with (vi, v
′
i) ∈ V(G × G′). Now let w = v1, v2, . . . , vn and w′ = v′

1, v
′
2, . . . , v

′
n.

Clearly w ∈ Wn(G), w′ ∈ Wn(G′), and

∀i : li(w∗) = li(w) = li(w′)

The opposite holds as well: For every two walks w ∈ Wn(G), w′ ∈ Wn(G′)
with matching label sequences, there is a walk w∗ ∈ Wn(G × G′) with a label
sequence that matches the label sequences of w and w′. 
�

Having introduced product graphs and having shown how these can be in-
terpreted, we are now able to define the direct product kernel.

Definition 6. Let G1, G2 be two graphs, let E× denote the adjacency matrix
of their direct product E× = E(G1 × G2), and let V× denote the vertex set of
the direct product V× = V(G1 ×G2). With a sequence of weights λ = λ0, λ1, . . .
(λi ∈ R;λi ≥ 0 for all i ∈ N) the direct product kernel is defined as

k×(G1, G2) =
|V×|∑
i,j=1

[ ∞∑
n=0

λnE
n
×

]
ij

if the limit exists.

Proposition 4. Let φ be as in definition 4 and k× as in definition 6. For any
two graphs G,G′, k×(G,G′) = 〈φ(G), φ(G′)〉
Proof. This follows directly from proposition 3. 
�

To compute this graph kernel, it is then necessary to compute the above
matrix power series. See section 6.1 for more details.
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6 Extensions and Computation

This section shows how the limits of matrix power series can efficiently be com-
puted, how the concepts presented above can be extended to graphs with tran-
sition probabilities, and how a kernel based on non-contiguous label sequences
can be computed.

6.1 Computation of Matrix Power Series

In this section we show how matrix power series of the type limn→∞
∑n

i=0 λiE
i

can efficiently be computed for some choices of λ.

Exponential Series Similar to the exponential of a scalar value (eb = 1 + b/1! +
b2/2! + b3/3! + . . .) the exponential of the square matrix E is defined as

eβE = lim
n→∞

n∑
i=0

(βE)i

i!

where we use β0

0! = 1 and E0 = I. Feasible exponentiation of matrices in general
requires diagonalising the matrix. If the matrix E can be diagonalized such that
E = T−1DT we can easily calculate arbitrary powers of the matrix as En =
(T−1DT )n = T−1DnT and for a diagonal matrix we can calculate the power
component-wise [Dn]i,i = [Di,i]n. Thus eβE = T−1eβDT where eβD is calculated
component-wise. Once the matrix is diagonalized, computing the exponential
matrix can be done in linear time. Matrix diagonalization is a matrix eigenvalue
problem and such methods have roughly cubic time complexity.

Geometric Series The geometric series
∑

i γ
i is known to converge if and only

if |γ| < 1. In this case the limit is given by limn→∞
∑n

i=0 γ
i = 1

1−γ . Similarly,
we define the geometric series of a matrix as

lim
n→∞

n∑
i=0

γiEi

if γ < 1/a, where a ≥ min{∆+(G), ∆−(G)} as above. Feasible computation
of the limit of a geometric series is possible by inverting the matrix I − γE.
To see this, let (I − γE)x = 0, thus γEx = x and (γE)ix = x. Now, note
that (γE)i → 0 as i → ∞. Therefore x = 0 and I − γE is regular. Then
(I − γE)(I + γE + γ2E2 + · · · ) = I and (I − γE)−1 = (I + γE + γ2E2 + · · · ) is
obvious. Matrix inversion is roughly of cubic time complexity.

6.2 Transition Graphs

In some cases graphs are employed to model discrete random processes such as
Markov chains [7]. In these cases a transition probability is assigned to each edge.
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We only consider the case that the transition probability does not change over
time. Such graphs will be called transition graphs. In transition graphs vertices
are often called states. We denote the probability of going from vertex u to v
by p(u,v). More precisely this denotes the probability of the process being in
state v at time t + 1 given that it was in state u at time t. Usually, transitions
are without loss, i.e., ∀ u ∈ V :

∑
(u,v)∈E p(u,v) = 1. In some cases, there is a

probability pstop that the process stops at any time.
In order to deal with graphs modeling random processes, we replace the

adjacency matrix E of a graph by the transition matrixR with [R]ij = p(νi,νj)(1−
pstop) if (νi, νj) ∈ E and [R]ij = 0 otherwise. Without loss of generality we
assume p(νi,νj) > 0 ⇔ (νi, νj) ∈ E . Before we can apply the kernel introduced
in the previous section to transition graphs we have to redefine the functions
∆+(G), ∆−(G) to be the maximal row and column sum of the matrix R of a
graph G, respectively. Clearly ∆+(G), ∆−(G) ≤ 1.

If we use the transition matrix R instead of the adjacency matrix, we get
to a similar interpretation. [Rn]ij determines then the probability of getting
from vertex νi to vertex νj in n steps. The interpretation of [LRnL�]ij is a bit
more complicated. If we divide by the number of times label �i occurs, however,
interpretation becomes easy again. Thus consider [LRnL�]ij/[LL�]ii. This is
the probability that having started at any vertex labeled �i and taking n steps,
we arrive at any vertex labeled �j . The division by [LL�]ii can be justified by
assuming a uniform distribution for starting at a particular vertex with label �i.

A graph with some transition matrix R and stopping probability pstop = 0
can be interpreted as a Markov chain. A vertex v with a transition probability
p(v,v) = 1 in a Markov chain is called absorbing. An absorbing Markov chain is
a Markov chain with a vertex v such that v is absorbing and there is a walk
from any vertex u to the absorbing vertex v. It is known [7] that in absorbing
Markov chains the limit of Rn for n → ∞ is 0. If we define N = I+R+R2 + · · ·
then [N ]ij is the expected number of times the chain is in vertex νj given that
it starts in vertex νi. N can be computed as the inverse of the matrix I −R.

In the case of graphs with transition probabilities on the edges, the edges
in the product graph have probability p(u12,v12) = p(u1,v1)p(u2,v2) where u12 =
(u1, u2) ∈ V(G1 × G2) and v12 = (v1, v2) ∈ V(G1 × G2). Let p1, p2 denote the
stopping probability in graphs G1, G2 respectively. The stopping probability p12
in the product graph is then given by p12 = 1 − (1 − p1)(1 − p2). A similar
interpretation to proposition 3 can be given for graphs with transition proba-
bilities by replacing the cardinality of the sets of walks with the sum over the
probabilities of the walks.

6.3 Non-contiguous Label Sequences

The (implicit) representation of a graph by a set of walks through the graph
suggests a strong relation to string kernels investigated in literature [14]. There,
the similarity of two strings is based on the number of common substrings.
In contrast to the direct product kernel suggested in section 5, however, the
substrings need not be contiguous.
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In this section we will describe a graph kernel such that the similarity of two
graphs is based on common non-contiguous label sequences. We will consider
only edge-labeled graphs in this section. A similar technique can be used for
fully-labeled graphs, however, its presentation becomes more lengthy.

Before defining the desired feature space we need to introduce the wildcard
symbol ‘?’ and the function match(l, l′) ⇔ (l = l′) ∨ (l =?) ∨ (l′ =?). In the
following ‘label’ will refer to an element of the set L ∪ {?}.

Definition 7. Let Sn,m denote the set of all possible label sequences of length
n containing m ≥ 0 wildcards. Let λ be a sequence λ0, λ1, . . . of weights (λn ∈
R;λn ≥ 0 for all n ∈ N) and let 0 ≤ α ≤ 1 be a parameter for penalizing gaps.
Furthermore, let Wn(G) denote the set of all possible walks with n edges in graph
G and let W(G) =

⋃n
i=0 Wn(G). For a given walk w ∈ W(G) let li(w) denote

the label of the i-th edge in this walk.
The sequence feature space is defined by one feature for each possible label

sequence. In particular, for any given n,m and label sequence s = s1, . . . , sn ∈
Sn,m, the corresponding feature value is

φs(G) =
√
λnαm |{w ∈ W(G),∀i : match(si, li(w))}|

We proceed directly with the definition of the non-contiguous sequence ker-
nel.

Definition 8. Let G1, G2 be two graphs, let G× = G1 ×G2 be their direct prod-
uct, and let Go be their direct product when ignoring the labels in G1 and G2.
With a sequence of weights λ = λ0, λ1, . . . (λi ∈ R;λi ≥ 0 for all i ∈ N) and a
factor 0 ≤ α ≤ 1 penalizing gaps, the non-contiguous sequence kernel is defined
as

k∗(G1, G2) =
|V×|∑
i,j=1

[ ∞∑
n=0

λn ((1 − α)E× + αEo)
n

]
ij

if the limit exists.

This kernel is very similar to the direct product kernel. The only difference
is that instead of the adjacency matrix of the direct product graph, the matrix
(1 − α)E× + αEo is used. The relationship can be seen by adding – parallel to
each edge – a new edge labeled # with weight

√
α in both factor graphs.

Note, that the above defined feature space contains features for ‘trivial label
sequences’, i.e., label sequences that consist only of wildcard symbols. This can
be corrected by using the kernel k∗(G1, G2) −∑n λnα

nEn
o instead.

7 Discussion and Related Work

This section briefly describes the work most relevant to this paper. For an ex-
tensive overview of kernels on structured data, the reader is referred to [5].
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Graph kernels are an important means to extend the applicability of kernel
methods to structured data. Diffusion kernels on graphs [12] allow for the com-
putation of a kernel if the instance space has a graph structure. This is different
from the setting in this paper where we consider that every instance has a graph
structure.

A preliminary version of the label pair graph kernel has been presented in [4].
The feature space of this kernel is based on the distance of all labeled vertices
in graphs. The dimensionality of the feature space is the number of different
labels squared. In applications, where this is not sufficiently discriminative, inner
products in a feature space where each feature counts the number of times a path
with a given label sequence is homomorphic to a subgraph can be used. Such
kernels can be extended to cover graphs with a transition probability associated
to each edge.

A kernel function on transition graphs has previously been described in [9]3.
In the feature space considered there, each feature corresponds to the probability
with which a label sequence is generated by a random walk on the direct product
graph. There transition graphs with a uniform distribution over all edges leaving
the same vertex are considered and convergence is guaranteed by assuming a
non-zero halting probability. In section 6 we showed how our graph kernels can
be extended to cover general transition graphs. The kernel proposed in [9] is a
special case of this extended kernel.

Tree kernels have been described in [2] and compute the similarity of two
trees based on their common subtrees. However, the trees considered there are
restricted to labeled trees where the label of each vertex determines the number
of children of that vertex. Furthermore, a fixed order of the children of each
vertex is assumed. In this case [2] devises an algorithm for computing the kernel
with quadratic time complexity. The graph kernels suggested in the paper at
hand can clearly also be applied to trees but do not require any restriction on
the set of trees. They are thus a more flexible alternative.

String kernels that base the similarity of two strings on the common non-
contiguous substrings are strongly related to the non-contiguous graph kernel
with geometric weights. Such string kernels have been investigated deeply in
literature, see for example [17, 14]. However, using a similar idea on graphs – as
done with the non-contiguous graph kernel – is new.

The main differences between string kernels and graph kernels for strings are
which features are used and how the label sequences are matched. String kernels
use a label sequence without wildcards and count how often this sequence or a
sequence created by inserting wildcard symbols occurs. Graph kernels for strings
use a label sequence with wildcards and count how often this sequence occurs.
Consider, for example, the two strings ‘art’ and ‘ant’. For string kernels the
common substrings are ‘a’, ‘t’, and ‘at’ – ‘at’ occurs with a gap of length 1 in
both strings. For direct product graph kernels the common sequences are only ‘a’
and ‘t’. For non-contiguous graph kernels the common sequences are ‘a’, ‘t’, ‘a?’,
‘?t’, ‘a??’, ‘??t’, and ‘a?t’. The most interesting difference between string kernels

3 An extended version of this paper appeared recently [10].
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and non-contiguous graph kernels is the feature ‘at’ and ‘a?t’, respectively. Now
consider the string ‘at’. The sequence ‘a?t’ does not occur in ‘at’, while the
substring ‘at’ obviously occurs in ‘at’.

8 Conclusions and Future Work

In this paper we showed that computing a complete graph kernel is at least as
hard as deciding whether two graphs are isomorphic, and that the problem of
computing a graph kernel based on common (isomorphic) subgraphs is NP-hard.
Therefore, we presented alternative graph kernels that are conceptually based
on the label sequences of all possible walks in the kernel. Efficient computation
of these kernels is made possible by the use of product graphs and by choosing
the weights such that a closed form of the resulting matrix power series exists.

The advantage of the label pair graph kernel is that the feature space can
be computed explicitly and thus linear optimization methods for support vector
machines can be applied. Therefore, learning with this kernel can be very effi-
cient. The advantage of the direct product kernel and the non-contiguous graph
kernel is the expressivity of their feature spaces. Both definitions are based on
the concept of graph products.

We have shown that the direct graph product can be employed to count the
number of contiguous label sequences occurring in two graphs and that it can be
to extended to count the number of non-contiguous label sequences occurring in
two graphs.

We believe that such graph kernels can successfully be applied in many real-
world applications. Such applications will be investigated in future work. One
step towards real world applications is an experiment in a relational reinforce-
ment learning setting, described in [6]. There we applied Gaussian processes
with graph kernels as the covariance function. Experiments were performed in
blocks worlds with up to ten blocks with three different goals. In this setting
our algorithm proofed competitive or superior to all previous implementations
of relational reinforcement learning algorithms, although it did not use any so-
phisticated instance selection strategies.

Real world experiments will apply graph kernels to different molecule classi-
fication tasks from bioinformatics and computational chemistry.
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