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Abstract. BayesianNetworks areoneof the mostpopularformalismsfor rea-
soningunderuncertainty. HierarchicalBayesianNetworks(HBNs)areanexten-
sionof BayesianNetworks that areableto dealwith structureddomains,using
knowledgeaboutthestructureof thedatato introduceabiasthatcancontributeto
improving inferenceandlearningmethods.In effect,nodesin anHBN are(possi-
bly nested)aggregationsof simplernodes.Everyaggregatenodeis itself anHBN
modelingindependencesinsideasubsetof thewholeworld underconsideration.
In thispaperwediscusshow HBNscanbeusedasBayesianclassifiersfor struc-
tured domains.We also discusshow HBNs can be further extendedto model
morecomplex datastructures,suchaslists or sets,andwe presenttheresultsof
preliminaryexperimentson themutagenesisdataset.

1 Intr oduction

BayesianNetworks[16] areapopularframeworkfor reasoningunderuncertainty.How-
ever, inferencemechanismsfor BayesianNetworks arecompromisedby the fact that
they canonlydealwith propositionaldomains.HierarchicalBayesianNetworks(HBNs)
extendBayesianNetworks,so thatnodesin thenetwork maycorrespondto (possibly
nested)aggregationsof atomictypes.Links in thenetwork representprobabilisticde-
pendencesthe sameway asin standardBayesianNetworks, the differencebeingthat
thoselinks maylie atany level of nestinginto thedatastructure[8].

An HBN is acompactrepresentationof thefull joint probabilitydistributionon the
elementsof a structureddomain.In this respect,HBNs sharesomesimilaritieswith
StochasticLogic Programs(SLPs)[2,15].Oneof themaindifferencesbetweenthetwo
approachesis thatSLPstake clausallogic asa startingpoint andextendit by annotat-
ing clauseswith probabilities,whereasHBN ratherbegin from aprobabilisticreasoning
formalism(standardBayesianNetworks)andextendit to structureddomains.Bayesian
Logic Programs[9] arealsobasedon clausallogic, but differ from SLPsin that their
probabilisticpartcorrespondsto degreesof beliefof anagent.ProbabilisticRelational
Models(PRMs)[10], thatareacombinationof BayesianNetworksandrelationalmod-
els,arealsocloselyrelatedto HBNs.PRMsarebasedonaninstantiationof arelational
schemain orderto createa multi-layeredBayesianNetwork, wherelayersarederived
from differententriesin a relationaldatabase,anduseparticularaggregationfunctions
in orderto modelconditionalprobabilitiesbetweenelementsof differenttables.HBNs
adoptamethodthatis morecloselyrelatedto theparticulardatastructure,by redefining



the probability distribution on the structureddomain.Object-orientedBayesianNet-
works [11] alsocombineBayesianinferencewith structureddata,exploiting dataen-
capsulationandinheritance.

Theoutlineof thepaperis asfollows. We begin by presentingpreliminarytermi-
nologyanddefinitionson HBNs in section2. In section3 we presentour perspective
for the extensionof HBNs to first-orderandhigher-orderstructures.Section4 shows
anadaptationof a popularalgorithmfor learningstandardBayesianNetworks for the
caseof HBNs.Section5 discussesBayesianclassificationbasedonHBNsandpresents
experimentalresultson themutagenesisdomain.Finally, wesummariseourmaincon-
clusionsanddiscussdirectionsfor furtherwork.

2 Hierar chical BayesianNetworks: Preliminaries

A standardBayesianNetwork is agraphicalmodelthatis usedto representconditional
independencesamonga setof variables.It consistsof two parts:thestructural part,a
directedacyclic graphin which nodesstandfor randomvariablesandedgesfor direct
conditionaldependencesbetweenthem;and the probabilistic part that quantifiesthe
conditionaldependences,and in the caseof discretevariablesis a setof conditional
probability tables(CPTs),eachspecifyingtheconditionalprobabilityof eachvalueof
a variablegiventhevaluesof its parentsin thegraph.

Thekey propertyin aBayesianNetwork is thatavariableis independentof its non-
descendantsgiventhevaluesof its parentsin thegraph.Thispropertycanbeexploited
to decomposethefull joint probabilityof all thevariablesusingthechainruleof proba-
bilities: P � x1 � x2 ��������� xn �
	 ∏n

i � i P � xi � πi � , whereπi denotesthesetof parentsof xi in the
graph.
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    a1        0.4    0.6
    a2        0.8    0.2

P(A)     a1     a2 P(BII|A,BI)      bII1    bII2     bII3

Fig.1. A simpleHierarchicalBayesianNetwork. (a) Nestedrepresentation.(b) Treerepresenta-
tion. (c) StandardBN expressingthesamedependences.(d) Probabilisticpart.

HierarchicalBayesianNetworks are a generalisationof standardBayesianNet-
works,definedoverstructureddatatypes.An HBN consistsof two parts:thestructural
and the probabilistic part. The former (also referredto as the HBN-treestructure or
simply HBN structure) describesthepart-of relationshipsandtheprobabilisticdepen-
dencesbetweenthevariables.Thelattercontainsthequantitativepartof theconditional
probabilitiesfor the variablesthat aredefinedin the structuralpart. In this paperwe
will restrictour analysisto discretedomains,so theprobabilisticpartwill bea setof



conditionalprobability tables.Figure1 presentsa simpleHierarchicalBayesianNet-
work. Thestructuralpartconsistsof threevariables,A � B andC, whereB is itself a pair
� BI � BII � . This mayberepresentedeitherusingnestednodes(a),or by a tree-like type
hierarchy(b). We usethesymbolt to denotea top-level compositenodethat includes
all thevariablesof ourworld. In (c) it is shown how theprobabilisticdependencelinks
unfold if weflattenthehierarchicalstructureto a standardBayesianNetwork.

In anHBN two typesof relationshipsbetweennodesmaybeobserved:relationships
in the type structure(called t-relationships) andrelationshipsthat are formedby the
probabilisticdependencelinks (p-relationships). We will make useof everydaytermi-
nologyfor bothkindsof relationships,andreferto parents,ancestors,siblings,spouses
etc.in theobviousmeaning.In thepreviousexample,B hastwo t-children,namelyBI
andBII , onep-parent(A) andonep-child (C). Thescopeof aprobabilisticdependence
link is assumedto “propagate”throughthe type structure,defining a set of higher-
levelprobabilisticrelationships.Trivially, all p-parentsof anodearealsoconsideredits
higher-level parents.For example,thehigher-level parentsof C areB (asa trivial case),
BI andBII (becausethey aret-childrenof B andthereexistsa p-link B 
 C).

We will now provide moreformal definitionsfor HBNs. We begin by introducing
hierarchicaltypeaggregations,overwhichHierarchicalBayesianNetworksaredefined.
Typesarerecursively defined,in orderto representnestedstructures,e.g.“a 5-tupleof
pairsof booleans”.Currently, theonly aggregationoperatorthatweallow for composite
typesis theCartesianproduct,but weplanto extendcompositetypesto includeaggre-
gationssuchas lists andsets,aswe discussin section3. This will demanda proper
definitionof probabilitydistributionover theseconstructs,suchastheonesusedin the
1BC2first-ordernaiveBayesianclassifier[12].

Definition 1 (Type).Anatomictypeis a domainof constants.If � τ1 � τ2 ��������� τn � is a set
of types,thentheCartesianproductτ 	 τ1 � τ2 ��������� τn is a compositetype. Thetypes
τ1 � τ2 ��������� τn are calledthecomponenttypesof τ.

Definition 2 (Type structur e).Thetypestructure correspondingto a typeτ is a treet
such that: (1) if τ is anatomictype, t is a singlenodelabelledτ; (2) if τ is composite, t
hasroot τ andaschildrenthetypestructuresthatcorrespondto thecomponentsof τ.

Definition 3 (HBN-tr eestructur e). Let τ be an atomicor compositetype, and t its
correspondingtypestructure. An HBN-treestructureT over the typestructure t, is a
triplet � R��������� where

– R is therootof thestructure, andcorrespondsto a randomvariableof typeτ.
– � is a set of HBN-tree structurescalled the t-children of R. If τ is an atomic

type thenthis setis empty, otherwiseit is thesetof HBN-treestructuresover the
component-typesof τ. Ris alsocalledthet-parentof theelementsof � .

– ����� 2 is a setof directededgesbetweenelementsof � such that the resulting
graphcontainsno directedcycles.For � v� v� � � � wesaythat v andv� participate
in a p-relationship, or more specificallythatv is a p-parentof v� andv� is a p-child
of v.

If τ is anatomictype,anHBN-treestructureovert will becalledanHBN-variable.
We will usethe termHBN-variableto referalsoto therandomvariableof typeτ that
therootof thestructureis associatedto.



Definition 4 (Higher-levelparentsandchildr en).GivenanHBN-treestructureT 	 �
R�����!�"� and a t-child of R, � R� ��� � ��� � � � � , then for any vP � vC � vi such that
� vP � v� � �#� � v� vC �$� �#� vi � � � , wesaythat vP is a higher-level parentof vi , and that
vi is a higher-level parentof vC. Furthermore, if vHLP is a higher-level parentof v, then
vHLP is alsoa higher-level parentof vi , andif v is a higher-level parentof vHLC thenvi

is alsoa higher-level parentof vHLC.

For anHBN structurewecanconstructa standardBayesianNetwork thatmapsthe
sameindependencesbetweenvariables.Thenodesin theBayesianNetwork correspond
to variablenodesof theHBN, andlinks in theBayesianNetwork correspondto higher-
level links of theHBN. We will call theresultingstructurethecorrespondingBayesian
Networkof theoriginalHBN.

Definition 5. TheHBN-ProbabilisticPart relatedto an HBN-structure T consistsof:
(1) a probability tablefor each HBN-variablein T thatdoesnothaveanyp-parentsor
higher-level parents;(2) a conditionalprobability table for each otherHBN-variable,
giventhevaluesof all HBN-variablesthatare its p-parentsor higher-levelparents.

Definition 6. A HierarchicalBayesianNetwork is a triplet � T �!%&� t � where

– t is a typestructure
– T 	 � R�������'� is anHBN-treestructureover t
– % is theHBN-ProbabilisticPart relatedto T

Definition 7 (Probability distributions over types).If τ is an atomictype, Pτ � x� � x �
τ, is the probability distribution over τ. If τ 	 τ1 �(�����)� τn and x � τ, then P � x�$	
P � x1 ��������� xn � , where xi � τi are thecomponentsof x.

An HBN mapstheconditionalindependencesbetweenits variablenodes,in a way
thatthevalueof anatomicvariableis independentof all atomicvariablesthatarenot its
higher-leveldescendants,giventhevalueof its higher-levelparents.Theindependences
thatanHBN describescanbeexploitedusingthechainruleof conditionalprobability,
to decomposethe full joint probability of all the atomic typesinto a productof the
conditionalprobabilities,in thefollowing way:

P � x�*	
+

PτX � x� if x � τX is atomic
∏n

i � 1P � xi � πi � otherwise
(1)

wherex1 � x2 ��������� xn arethecomponentsof xandπi arethep-parentsof xi in thestructure.

Example1. For theHBN structureof Figure1, wehave:

P � t � 	 P � A � B � C� by Definition7
	 P � A� P � B �A� P � C �B� by thechainruleof probability
	 P � A� P � BI � BII �A� P � C �BI � BII � by Definition7
	 P � A� P � BI �A� P � BII �BI � A� P � C �BI � BII � by Equation(1)



3 Extending HBNs to First-Order and Higher-Order Structures

Sofar, we have only consideredtuplesastypeaggregations.We will now discusshow
more complex type constructorscan be embeddedinto HBNs to allow for handling
first-orderandhigher-orderstructures,suchaslists, trees,sets,etc.We addressthis is-
sueby introducingwhat we call distributionsover generictypesfor HBN composite
nodes.Informally, a generictype is anaggregationof elementsof a singlecomponent
type A, that canbe definedas any grammar , over the alphabetA. The notion of a
generictype is broadenoughto representdatastructuresof any complexity. It may
seemthatadoptingsucha generaldefinitiondoesnot serve a practicalpurpose,but in
fact it is necessaryin ordernot to imposeana priori restrictionon theexpressiveness
of themodel.Informationin therealworld maycomein verycomplex structures,such
asDNA-sequences,webpages,computerprogramsor naturallanguage.Furthermore,
whatis neededin orderto build aprobabilisticmodelonsuchadomainis aproperprob-
ability distributionoverits elements.In orderto dealwith aparticulardomainin HBNs,
oneneedsto definefirst a specificgenerictypethatrepresentsthedomain,andsecond
aprobabilitydistributionon thedomain,possiblybasedonaprobabilitydistributionof
the componenttype.The probabilisticpart of the (extended)HBNs will also include
theseprobabilitydistributionsfor the generictypesthey contain.Herefollows an ex-
ampleof how suchdefinitionscould be provided for lists andsets.The λ-abstraction
definitionof a set(actually, this definesa finite subsetof a possiblyinfinite domain)is
adaptedfrom [14] andthedistributionon thesettypecomesfrom [3].

Example2. Let A bea typeandPA � x� a probabilitydistributionover its elements.

Lists Thesetof listsof elementsof A is a typeτ - A. suchthat
1. /10 � τ - A.
2. 2 m � IN � m � 0 � x1 � x2 ������� xm � A 
3/ x1 � x2 ������� xm0 � τ - A. .

A probabilitydistributionover theelementsof τ - A. is givenby

P- A. ��/ x1 � x2 ��������� xl 0 �
	 Plen � l � � ∏
i

PA � xi �
wherePlen is a distribution over integers,that standsfor the probability over the
lengthsof a list (for example,thegeometricdistributionPlen � l �4	 p0 � 1 5 p0 � l ).

Sets Thesetof finite setsof elementsof A is a typeτ 6 A7 suchthatfor all m � IN,

λ � x � i f x � � x1 � x2 ������� xm � thenTRUE elseFALSE �
is a memberof τ 6 A 7 . A probabilitydistribution over theelementsof τ 6 A 7 is given
by

PSS� S�
	 ∑
S8:9 S

�;5 PA8 � S� ��� l < l 8 ε PA8 � S� � l
1 5 PA8 � S� �

wherel is thecardinalityof S, l � is thecardinalityof S� , PA8 � S�
	 ∑x = SPA � x� , andε
is a parameterdeterminingtheprobabilityof theemptyset.



Thedefinitionof suchprobabilitydistributionsfor compositedomainsshows also
how conditionalprobabilitiescanbecomputedfor anHBN. Differentcasesof condi-
tionalprobabilitiesmayoccurin anHBN, with acompositestructureconditionedupon
anothervariable,or beingon theconditionalpartitself.

Example3. Considera domainof lists labeledaccordingto a class,wherethe distri-
bution on lists is definedasabove andPC � c� is the distribution on the classattribute,
andanHBN modelingthatdomainwith two nodesList andClass. In caseof thep-link
Class
 List, wehave:

P- A. ��/ x1 � x2 ��������� xl 0 � c�*	 Plen � l � c� � ∏
i

PA � xi � c�
For theconditionalprobabilitythatcorrespondsto thelink List
 Class, weuseBayes’
theoremto obtain:

PC � c � / x1 � x2 ��������� xl 0 �$	 P- A. ��/ x1 � x2 ��������� xl 0 � c� � PC � c�
P- A. ��/ x1 � x2 ��������� xl 0 �

	 Plen � l � c� � ∏i PA � xi � c� � PC � c�
Plen � l � � ∏i PA � xi �

4 Learning HBNs

Oneimportantareaof concernis theproblemof learningHBNs, i.e.,givena database
of observations,to constructanHBN thatfits thedatain a satisfactoryway. Thereare
several levels at which this problemcanpossiblybe addressed.For instance,we can
learnthe HBN-probabilisticpart for a givenHBN-structure;or we canlearnboth the
HBN-probabilisticandstructuralpart,giventhetypestructure.Althoughtrying to learn
thetypestructureaswell is in theorypossible,we do not addressthis problemfor two
reasons.First, thecomplexity of thetaskis significant,andcombinedwith learningthe
HBN structurewould give no computationalgainsover learninga standardBayesian
Network directly. More importantly, weseethetypestructureasavailableprior knowl-
edgethat is an inherentcharacteristicof the domainandshouldbe exploited. In our
analysis,we assumethat thereareno missingvaluesin the database,andthat differ-
ent observationsin the databaseoccur independently. Learningthe probabilisticpart
canbeachievedin astraightforwardmanner, usingtherelative frequenciesof eventsin
thedatabasein orderto estimatethevaluesof therespective conditionalprobabilities.
Giventheindependenceof differentinstances,therelative frequencieswill convergeto
theactualprobabilityvalueswhenthedatabaseis sufficiently large.So,whentheHBN
structureis known andthereis enoughdataavailable,estimatingtheconditionalprob-
abilities is a relatively straightforwardprocess.We usetheLaplaceestimateto ensure
thatevenunobservedeventswill beassigneda non-zeroprobability.

Deriving theHBN structurefrom thedatabaseis a morecomplex task.Knowledge
of the type structureis exploited in HBNs asa declarative bias,asit significantlyre-
ducesthenumberof possiblenetwork structures.For example,thenumberof possible
structuresfor a BayesianNetwork with 10 nodesexceeds1018, whereasgivena type



structurethatconsistsof a pairof 5-tuplesthetotalnumberof possibleHBN structures
is approximately2 � 3 � 1010, andfor a type structureof a 5-tupleof pairsthenumber
dropsto approximately7 � 106. Clearly, HBNs subsumestandardBayesianNetworks
for which the type structureconsistsof a single level, so the actualgainsachieved
in a domaindependon the typestructure.However, we arguethat many domainsare
naturallystructuredin a hierarchicalway, and it is exactly in thosedomainsthat the
applicationof HBNs is a powerful tool. We will discusstwo differentapproachesto
the learningproblem:a Bayesianscoringcriterion,anda minimal descriptionlength
method.

The first approachto learningthe HBN structureis an adaptationof the method
describedin [1]. We usea Bayesianmethodto computethe likelihoodof a structure
giventhedata,andsearchfor thestructurethatmaximisesthatlikelihood.A restriction
of thismethodis thatit requiresasetof trainingdatain propositionalform, i.e.asingle-
tabledatabase.In [1] a formulais derivedto computeP � BS � D � for aBayesianNetwork
structureBS andadatabaseD, dependingontheprior P � BS� . Thatresultis basedonthe
assumptionsthat (a) the variablesin the databasearediscrete,(b) different instances
occur independentlygiven the structure,(c) thereareno missingvalues,and(d) that
beforeseeingthedatabase,we considerall thepossibleconditionalprobabilityvalues
setupsfor a givenstructureequallylikely.

Theorem1 (Cooper and Herskovits). Let BS be a BayesianNetworkstructure con-
taining n discretevariablesxi , each associatedto a domain � vi1 ��������� vir i � , andπi bethe
setof parentsof xi in BS. SupposeD is a databaseof m instantiationsof thevariables
xi , andlet � wi1 �������wiqi � beall theuniqueinstantiationsof πi in D. LetNi jk bethenumber
of caseswhere xi 	 vik andπi is instantiatedto wi j , and let Ni j 	 ∑r i

k� 1 Ni jk. Thejoint
probabilityof havingthestructure BS andthedatabaseD is givenby:

P � BS � D �4	 P � BS�
n

∏
i � 1

qi

∏
j � 1

� r i 5 1� !
� Ni j > r i 5 1� !

r i

∏
k� 1

Ni jk!

Definition 8. Let BHS be an HBN structure, and BS the correspondingBayesianNet-
work structure of BHS. We definethe joint probability of the structure BHS and the
databaseD as P � BHS � D � 	 αP � BS � D � , where α is a normalisingconstantsuch that
∑HSP � BHS � D �*	 1.

This meansthat in orderto computetheabove joint probability, insteadof parents
(in thestandardBayesianNetwork case)weconsiderhigher-levelparents.Theconstant
α is neededbecausetherearefewer possibleHBN structuresthanstandardBN struc-
turescontainingthesamevariables,giventhe typestructure.Additionally, we assume
equalprior probabilitiesamongdifferentstructures.So,in orderto computethelikeli-
hoodfor anHBN structure,we simply needto extract thecorrespondingBN structure
from it andapplytheaboveformula.

As mentionedabove, theapplicationof theBayesianscoringfunctionrequiresthe
datato be in a single-tablepropositionalform. This is in generalpossibleto achieve
whenthe instancesarecomposedof nestedtuples,sincethe total “length” of all in-
stanceswill be the same,and thereforecan be representedin a single relation.The
introductionof first-orderandhigher-orderaggregationoperators,which is a natural



extensionof HBNsasdiscussedin Section3, wouldpresentaproblemsincethesecon-
structsdonothavefixedsizeandthereforearenotrepresentablein apropositionalway.
For this reason,we discussanotherscoringfunction,basedon theminimal description
lengthprinciple, that dealswith datainstancesregardlessfrom the form of represen-
tation. The minimal descriptionlengthprinciple (MDL) [17] is basedon finding the
model that providesthe shortestdescriptionof the data.The aim is (a) to minimise
thesizeof themodel,i.e. thenumberof parametersneededby theHBN, and(b) find
theparametervaluesthatachieve theshortestdescriptionof theoriginaldata.Herewe
provide anMDL likelihoodfunctionfor HBNs, basedon a measureusedfor standard
BayesianNetworks[13].

Definition 9. LetB bea Hierarchical BayesianNetwork,formedbytheHBNstructure
BHS and probabilistic part % . SupposeD 	 u1 � u2 ��������� un is a setof training data in-
stances,andthat theconditionalprobabilitiesin % are estimatedby thefrequenciesof
eventsin D. TheMDL scoringof thestructure BHS andthedatabaseis

M � BHS � D �*	 logn
2 �B � 5

n

∑
i � 1

log � PB � ui ���
where �B � is the numberof parameters in the networkand PB is the distribution over
instancesthat is definedby B.

The first term in the above formula penalisesstructureswith morep-links, while the
secondis the(negated)log-likelihoodmeasureof theprobabilisticpartgiventhedata.
TheMDL functionpresentedhereis easilyappliedto complex datatypes,aslong as
wecancomputeproperprobabilitydistributionsover themusingtheHBN.

The next stepis to find the HBN structurethat optimisesthe respective measure,
i.e.maximisesP � BHS � D � or minimisesM � BHS � D � . Sinceprobabilisticlinks occuronly
betweensiblingsin thetypestructure,this introducesa limit to thenumberof possible
parentswe needto considerfor eachnode.Thesearchspaceof thepossiblestructures
is significantlyreducedcomparedto thestandardBayesianNetwork case.Furthermore,
if we apply an orderingon the nodesof the type structure(in fact, we only needan
orderingfor eachsubsetof siblings)the numberof possiblestructuresdecreasesdra-
matically. In [1] it is shown thatwith anorderingon thenodesanda sufficiently tight
limit on thenumberof parentsfor eachnode,thederivationof thestructurethatmax-
imisesP � BS � D � is computationallyfeasible.Allowing p-links only betweent-siblings
reducesthemaximumnumberof parents,but with HBNs this is achievedin a domain-
specificway, insteadof simply imposingahardlimit for all thenodes.

The learningalgorithmwe introduceis a recursive searchfor the bestpossiblep-
link setupamonga setof t-siblings,beginningfrom theroot of the typestructureand
proceedingtowardsthe leaves.In our currentexperimentswe have usedtheBayesian
scoringfunction,but theMDL criterioncanbeusedin a similarway.

Algorithm 1 (HBN-structur e learning)
Given:a typestructure T; a nodek in thetypestructure; a (partial) setupE of p-links
of theHBN-structure; anda databaseD of instantiationsof theatomicvariables.



Output:a setupof p-linksover theHBN-structure.

To computelearn� T � k � E � D � :
1. if k is a variablenode, returnE
2. if k is composite:

3. findthesetE � of p-linksbetweenthet-childrenof k thatmaximisesP � E ? E � � D �
4. for each t-child ki of k, let Ei betheresultof learn� T � ki � E ? E � � D �
5. returnthesetE ? E � ?@�A? iEi � of all thep-linksderived

As anexample,supposewewantto reconstructtheHBN structureof Figure1. The
typestructurewouldbeknown,andadatabaseof instancesof valuesfor A � BI � BII andC
wouldbeavailable.Thealgorithminitially wouldsearchamongall possiblep-link con-
figurationsbetweenA � B andC, find theoptimal top-level structure,andsubsequently
extendit by searchingamongpossibleconfigurationsof p-links betweenBI andBII .
Typically, for a typestructureT with root t, theinitial queryis learn� T � t � � � � D � . How-
ever, prior knowledgeaboutp-linksthatwewantto assertthatwill occurin thesolution
canbeprovidedat thisstage,substitutingtheemptysetwith thesetof thosep-links.

Currently, in order to maximiseP � E ? E � � D � , we perform an exhaustive search
amongpossiblestructures.An orderingon the nodesmay be taken into account,al-
thoughoneis not necessary. Note that sucha searchwould normally be infeasibleif
conductedon a standardBayesianNetwork. Thereductionof thesearchspace,dueto
hierarchy, allows for a moredetailedsearch.However, if thefamiliesin thetypestruc-
ture grow too large,exhaustive searchwill eventuallybe renderedinfeasible.In such
cases,the searchspaceof possiblesetsof p-links could be traversedusingany tradi-
tional searchmethod,suchassteepestline hill climbing (which is usedby Cooperand
Herskovits in theirK2 algorithm),beamsearch,iterativedeepeningetc.

5 Classificationwith HBNs

Bayesianclassifiers[7] computethe mostlikely classof an instancethat is described
by a vector of attributes � X1 � X2 ��������� Xn � , i.e. derive the classvalue that maximises
P � Class�X1 � X2 ��������� Xn � , usingBayes’theoremto invert theconditionalprobabilityand
thenapplyinga seriesof independenceassumptionsto decomposethejoint probability
to a productof simplerprobabilities.Themostwidely known memberof this family is
theNaiveBayesclassifier, thatassumesthatall attributesareindependentof eachother
giventheclass,andthereforeP � Class�X1 � X2 ��������� Xn �*	 α∏i P � Xi �Class� (whereα is a
normalisingconstant).

Extensionsof the Naive Bayesclassifierhave beenproposedin two orthogonal
directions:on the one hand,lifting the “naive” independenceassumptionand using
BayesianNetworks in order to modelmorecomplex conditionalindependences(e.g.
tree-augmentednaiveBayesianclassifiers [6]), andon theotherhand,usingfirst-order
andhigher-orderrepresentationsfor classificationof structureddata(e.g.thefirst-order
naiveBayesianclassifiers1BC and1BC2 [5, 12]). Preliminaryexperimentsshow that
HBNs cansuccessfullycombineboth thesetwo directions,usingsimilar probability
distributionson structureddomainsas1BC2, but with independenceassumptionsthat



arebasedon BayesianNetwork-like directedacyclic graphs.An HBN basedclassifier
usesthedecompositionof theposteriorprobabilityP � X1 � X2 ��������� Xn �Class� to aproduct
of simplerprobabilitiesaccordingtheindependencesderivedfrom theHBN structure.
In the caseof compositenodes,the distribution over the compositetype needsto be
usedaswell (e.g.asdescribedin definition7 andexample2).

Class Molecule
=(Atoms,IndA,Ind1,Lumo,LogP)

Instance
=(Class,Molecule)

Atoms
={Atom}

IndA Ind1 Lumo LogP

Atom
=(Element,AtomType,Charge,FromBonds,ToBonds)

Element AtomType Charge FromBonds
={FromBond} ={ToBond}

ToBonds

FromBond ToBond

Class Molecule
=(Atoms,IndA,Ind1,Lumo,LogP)

Instance
=(Class,Molecule)

Atoms
={Atom}

IndA Ind1 Lumo LogP

Atom
=(Element,AtomType,Charge,FromBonds,ToBonds)

Element AtomType Charge FromBonds
={FromBond} ={ToBond}

ToBonds

FromBond ToBond

(a) (b)

Fig.2. HBN structuresfor the mutagenesisdomain.(a) Underthe naive Bayesassumption.(b)
Extendedstructure.

Wehavetestedourapproachonthe“regressionfriendly” Mutagenesisdataset[18].
Instancesin this domainaremolecularstructures,andeachoneis describedby four
propositionalattributesand a set of atoms.The atomsthemselves are characterised
by threepropositionalattributesandtwo setsof “incoming” and“outgoing” chemical
bonds.Thetaskis to predictwhetherparticularmoleculesaremutagenicor not.For our
experiments,we have constructedseveralHBNs basedon the sametypestructurefor
instances,andtesteddifferentsetsof p-linksbetweenthenodes.Wehaveemployedlists
asaggregationoperatorsfor atomsandbonds,andusedthedistributiondefinedin sec-
tion3 tocomputetherespectiveconditionalprobabilities.Wepresentheretheresultsfor
two suchstructures,onecorrespondingto the“naive” assumptionof attributeindepen-
dencegiventheclass,andtheothercontainingasetof p-linksthatachievedarelatively
high accuracy (Figure2). Reportedresultscorrespondto accuracy over 10-fold cross
validation.Notethatthe“naive” HBN is equivalentto the1BC2 approach.Thediffer-
encein theaccuracy is probablydueto a betterdiscretisationof thenumericattributes.
Table1 summarisestheresultsachievedby HBNsandsomeotherapproaches.Results
for regression,Progol,1BC and1BC2 arequotedfrom [4].

1 Regressionresultis basedon thepropositionalattributesonly.



Classifier Accuracy

Majority class 66.5%
Regression1 89%

Progol 88%
1BC 87.2%
1BC2 82.4%

NaiveHBN 77.7%
ExtendedHBN 88.3%

Table1. Accuracy on theMutagenesisdataset.

6 Conclusionsand Further Work

In thispaperwehavepresentedHierarchicalBayesianNetworks,aframeworkfor learn-
ing andclassificationfor structureddata.We havedefineda learningmethodfor HBNs
basedon theCooperandHerskovits structurelikelihoodmeasure.

Presently, we areworking towardsextendingHBNs by introducingmoreaggrega-
tion operatorsfor types,suchaslistsandsets.Preliminaryexperimentsshow thatusing
listshigh accuracy canbeachievedin comparisonto approachesthatemploy thenaive
Bayesassumption.Furtherresearchis essentialin orderto createandtestmoregeneric
type constructors.This will allow the applicationof our framework to structuresof
arbitraryform andlength,suchaswebpagesor DNA sequences.
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