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Abstract. BayesianNetworks are one of the mostpopularformalismsfor rea-
soningunderuncertaintyHierarchicalBayesiarNetworks (HBNs) arean exten-
sion of BayesianNetworks that areableto dealwith structureddomains,using
knowledgeaboutthestructureof thedatato introduceabiasthatcancontrituteto
improving inferenceandlearningmethodsin effect,nodesn anHBN are(possi-
bly nestedpggr@ationsof simplernodesEvery aggrgatenodeis itself anHBN
modelingindependenceissidea subsebf thewholeworld underconsideration.
In this papemwe discusshow HBNs canbe usedasBayesiarclassifierdor struc-
tured domains.We also discusshow HBNs can be further extendedto model
more comple datastructuressuchaslists or sets,andwe presenthe resultsof
preliminaryexperimenton the mutagenesidataset.

1 Intr oduction

BayesiarNetworks[16] areapopularframewvork for reasoninginderuncertaintyHow-
ever, inferencemechanismgor BayesianNetworks are compromisedy the factthat
they canonly dealwith propositionatlomainsHierarchicaBayesiarNetworks(HBNS)
extend BayesianNetworks, so thatnodesin the network may correspondo (possibly
nested)aggraationsof atomictypes.Links in the network represenprobabilisticde-
pendencethe sameway asin standardBayesianNetworks, the differencebeingthat
thoselinks maylie atary level of nestinginto thedatastructure8].

An HBN is acompactrepresentatioof thefull joint probabilitydistribution onthe
elementsof a structureddomain.In this respectHBNs sharesomesimilarities with
Stochastid.ogic Programg¢SLPs)[2, 15]. Oneof themaindifferencedetweerthetwo
approachess that SLPstake clausallogic asa startingpoint andextendit by annotat-
ing clausesvith probabilitieswhereaddBN ratherbegin from aprobabilisticreasoning
formalism(standardBayesiarNetworks)andextendit to structureddomainsBayesian
Logic Programg9] arealsobasedon clausallogic, but differ from SLPsin thattheir
probabilisticpart correspond$o degreesof beliefof anagent.ProbabilisticRelational
Models(PRMs)[10], thatareacombinatiorof BayesiarNetworksandrelationalmod-
els,arealsocloselyrelatedto HBNs. PRMsarebasecdn aninstantiatiorof arelational
scheman orderto createa multi-layeredBayesiarNetwork, wherelayersarederved
from differententriesin arelationaldatabaseanduseparticularaggreyationfunctions
in orderto modelconditionalprobabilitiesbetweerelementf differenttables HBNs
adoptamethodhatis morecloselyrelatedto the particulardatastructure py redefining



the probability distribution on the structureddomain. Object-orientedBayesianNet-
works[11] alsocombineBayesianinferencewith structureddata,exploiting dataen-
capsulatiorandinheritance.

The outline of the paperis asfollows. We begin by presentingoreliminarytermi-
nology anddefinitionson HBNs in section2. In section3 we presenur perspectie
for the extensionof HBNSs to first-orderand higherorderstructures Section4 shavs
an adaptatiorof a popularalgorithmfor learningstandardBayesiarNetworks for the
caseof HBNs. Sectionb discusseB8ayesiarclassificatiorbasedbn HBNs andpresents
experimentakesultson the mutagenesidomain.Finally, we summariseur maincon-
clusionsanddiscusdirectionsfor furtherwork.

2 Hierarchical BayesianNetworks: Preliminaries

A standardBayesiarNetwork is agraphicalmodelthatis usedto representonditional
independenceamonga setof variableslt consistof two parts:the structuial part,a
directedagyclic graphin which nodesstandfor randomvariablesandedgedor direct
conditionaldependencebetweenthem; and the probabilistic part that quantifiesthe
conditionaldependencesndin the caseof discretevariablesis a setof conditional
probability tables(CPTs),eachspecifyingthe conditionalprobability of eachvalue of
avariablegiventhevaluesof its parentsn thegraph.

Thekey propertyin aBayesiarNetwork is thatavariableis independensf its non-
descendantgiventhe valuesof its parentsn thegraph.This propertycanbe exploited
to decomposé¢hefull joint probabilityof all thevariablesusingthe chainrule of proba-
bilities: P(x1, X2, - .., Xn) = [1iL; P(Xi|T), wherety denoteghesetof parentf x; in the
graph.

0.3 07 albll 03 04 03 bilblil 02 06 02

B alblz 01 05 04 biibli2 03 04 03
“ iA—=—B—>c 0.7 01 0.2 blibli3 02 02 06
P(BIIA) | bI1  bI2 a2b|2 09 01 0 bi2blil 05 03 02
al | o4 os bi2blI2 06 02 02
a2

Bl —> BIl 08 02 bi2bl13 07 02 01

@t t P(A)‘al aZP(BII|ABI)‘ blll bl2 bISPCIBIBIY| c1 c2 «¢3

@ ® )

Fig. 1. A simpleHierarchicaBayesiarNetwork. (a) Nestedrepresentation(b) Treerepresenta-
tion. (c) StandardBN expressinghe samedependencegd) Probabilisticpart.

HierarchicalBayesianNetworks are a generalisatiorof standardBayesianNet-
works,definedover structureddatatypes.An HBN consistf two parts:the structual
andthe probabilistic part. The former (alsoreferredto asthe HBN-tree structure or
simply HBN structue) describeghe part-of relationshipsandthe probabilisticdepen-
dencedetweerthevariablesThelattercontainghe quantitatve partof theconditional
probabilitiesfor the variablesthat are definedin the structuralpart. In this paperwe
will restrictour analysisto discretedomains,so the probabilisticpartwill be a setof



conditionalprobability tables.Figure 1 presents simple HierarchicalBayesianNet-

work. Thestructuralpartconsistf threevariables A, B andC, whereB is itself a pair
(BI,BIl). This may berepresenteéitherusingnestechodes(a), or by atree-like type
hierarchy(b). We usethe symbolt to denotea top-level compositenodethatincludes
all thevariablesof ourworld. In (c) it is shovn how the probabilisticdependencknks

unfoldif we flattenthe hierarchicaktructureto a standardBayesiarNetwork.

In anHBN two typesof relationshipbetweemodesnaybeobsened:relationships
in the type structure(called t-relationship$ andrelationshipsthat are formed by the
probabilisticdependencénks (p-relationship$. We will malke useof everydaytermi-
nologyfor bothkindsof relationshipsandreferto parents,ancestos, siblings,spouses
etc.in theohviousmeaningln the previous example,B hastwo t-children,namelyBI
andBll, onep-parenfA) andonep-child (C). The scopeof aprobabilisticdependence
link is assumedo “propagate”throughthe type structure,defining a setof higher
level probabilisticrelationshipsTrivially, all p-parentof anodearealsoconsideredts
higherlevel parentsFor example the higherlevel parentof C areB (asatrivial case),
Bl andBII (becausehey aret-childrenof B andthereexistsap-link B — C).

We will now provide moreformal definitionsfor HBNs. We begin by introducing
hierarchicatypeaggraeationspverwhichHierarchicaBayesiarNetworksaredefined.
Typesarerecursvely defined,in orderto represenhestedstructurese.g.“a 5-tupleof
pairsof booleans”Currently theonly aggrejationoperatothatwe allow for composite
typesis the Cartesiarproduct,but we planto extendcompositeypesto includeaggre-
gationssuchaslists and sets,aswe discussin section3. This will demanda proper
definitionof probability distribution over theseconstructssuchasthe onesusedin the
1BC2first-ordernaive Bayesiarclassifier{12].

Definition 1 (Type).Anatomictypeis a domainof constantslf {11,T2,...,Tn} isaset
of typesthenthe Cartesianproductt = 1; X To X ... X Ty, IS a compositeype Thetypes
T1,Tp,--., Ty are calledthe componentypesof t.

Definition 2 (Type structur e). Thetypestructure correspondingo a typert is a treet
sud that: (1) if T is anatomictype t is a singlenodelabelledt; (2) if T is compositet
hasroot T andaschildrenthetypestructuesthat correspondo the componentsf 1.

Definition 3 (HBN-tr ee structure). Let T be an atomicor compositetype andt its
correspondingype structue. An HBN-tree structureT over the typestructuet, is a
triplet < R, 7, E > whee

— Ristherootof thestructue, and correspondso a randomvariable of typert.

— 7/ is a setof HBN-tree structurescalled the t-children of R. If T is an atomic
type thenthis setis empty otherwiseit is the setof HBN-treestructuresover the
component-typesf 1. Ris alsocalledthet-parentof theelementsf 7.

— £ C V2 is a setof directededgesbetweerelementf 7 sud that the resulting
graphcontainsno directedcycles.For (v,V') € £ wesaythatv andV participate
in a p-relationshipor more specificallythatv is a p-parenbof v andV is a p-child
of v.

If Tis anatomictype,anHBN-treestructue overt will becalledanHBN-variable
We will usetheterm HBN-variableto referalsoto therandomvariableof typet that
theroot of thestructures associatedb.



Definition 4 (Higher-level parentsand childr en).GivenanHBN-treestructurel =<
R,V,E > and a t-child of R, < R, 7', £ >¢€ ¥/, thenfor any vp,vc,Vv; suc that
(vp,V) € E,(V,Vc) € E,v; € V', wesaythat vp is a higherlevel parentof v;, and that
v; is a higherlevel parentof vc. Furthermog, if vy p is a higherlevel parentof v, then
VHLp is alsoa higherlevel parentof v;, andif v is a higherlevel parentof vy ¢ theny;
is alsoa higherlevel parentof vy c.

ForanHBN structurewe canconstructa standardayesiarNetwork thatmapsthe
samdndependencdsetweervariablesThenodesn theBayesiarNetwork correspond
to variablenodesof the HBN, andlinks in the BayesiarNetwork correspondo higher
level links of the HBN. We will call theresultingstructurethe correspondind@ayesian
Networkof theoriginal HBN.

Definition 5. The HBN-ProbabilisticPart relatedto an HBN-structue T consistsof:
(1) a probability tablefor each HBN-variablein T thatdoesnothaveany p-parentsor
higherlevel parents;(2) a conditionalprobability table for each other HBN-variable
giventhevaluesof all HBN-variableghatare its p-parentsor higherlevel parents.

Definition 6. A HierarchicaBayesiarNetwork is a triplet < T, ?,t > whee

— tisatypestructue
- T =< R 7, E > isan HBN-treestructue overt
— P istheHBN-PobabilisticPart relatedto T

Definition 7 (Probability distributions over types).If T is an atomictypg P;(x),x
1, is the probability distribution over . If T =11 X ... X Ty and x € 1, then P(x)
P(xq,---,%n), whee x; € 1; arethecomponentsf x.

€

An HBN mapsthe conditionalindependencesetweerits variablenodesjn away
thatthevalueof anatomicvariableis independentf all atomicvariableghatarenotits
higherlevel descendantgjiventhevalueof its higherlevel parentsTheindependences
thatanHBN describeganbe exploitedusingthe chainrule of conditionalprobability,
to decomposehe full joint probability of all the atomictypesinto a productof the
conditionalprobabilities,in the following way:

_ [ Pu(®) if x € Tx is atomic
P9 = { ML, P(xi|T) otherwise (1)

wherexy, X, . . ., X, arethecomponentsf x andrg arethep-parent®f x; in thestructure.

Examplel. FortheHBN structureof Figurel, we have:

P(A,B,C) by Definition 7
= P(A)P(B|A)P(C|B) by the chainrule of probability
P(A)P(BI,BII|A)P(C|BI,BII) by Definition 7
P(A)P(BI|A)P(BII|BI,A)P(C|BI,BIl) by Equation(1)



3 Extending HBNs to First-Order and Higher-Order Structures

Sofar, we have only considereduplesastype aggrejations We will now discusshow
more comple type constructorscan be embeddednto HBNSs to allow for handling
first-orderandhigherorderstructuressuchaslists, trees,sets,etc. We addresshis is-
sueby introducingwhat we call distributions over generictypesfor HBN composite
nodesInformally, a generictypeis anaggreationof elementof a singlecomponent
type A, that can be definedas ary grammargG over the alphabetA. The notion of a
generictype is broadenoughto representlatastructuresof ary compleity. It may
seemthatadoptingsucha generaldefinition doesnot sene a practicalpurposeput in
factit is necessaryn ordernot to imposean a priori restrictionon the expressieness
of themodel.Informationin therealworld may comein very complec structuressuch
asDNA-sequencesyeb pagescomputemprogramsor naturallanguageFurthermore,
whatis neededn orderto build aprobabilisticmodelon suchadomainis aproperprob-
ability distribution overits elementsin orderto dealwith a particulardomainin HBNS,
oneneedgo definefirst a specificgenerictype thatrepresentshe domain,andsecond
aprobabilitydistribution onthe domain,possiblybasecbn a probability distribution of
the componentype. The probabilisticpart of the (extended)HBNs will alsoinclude
theseprobability distributionsfor the generictypesthey contain.Herefollows an ex-
ampleof how suchdefinitionscould be providedfor lists andsets.The A-abstraction
definitionof a set(actually this definesafinite subsebf a possiblyinfinite domain)is
adaptedrom [14] andthedistribution on the settype comesfrom [3].

Example2. Let A beatypeandPa(x) aprobabilitydistribution over its elements.

Lists Thesetof lists of elementof Ais atypeTt;s suchthat
1 [JeTy
2. Vme IN,m> 0,X1,Xz, - .- Xm € A= [X1,X2, .. Xm| € Ta)-
A probabilitydistribution overthe elementf 14 is givenby

Py ([, X2, -+ ,%]) = Ren(l) x [ ] Pax)

whereRgn is a distribution over integers,that standsfor the probability over the
lengthsof alist (for example the geometriadistribution Pe(l) = po(1— po)").
Sets Thesetof finite setsof elementof Ais atypet ) suchthatfor all me IN,

AX(if X € {X1,%2,...Xm} thenTRUE elseFALSE)

is amemberof 1¢4,. A probability distribution over the elementsof 14, is given
by
. Pa(S)
P S:Z —Pu(S) e AT
Sd ) CS( A( )) 1—PAI(S)

wherel is thecardinalityof S, I’ is thecardinalityof S, Py (S) = S xesPa(x), ande
is a parametedetermininghe probability of the emptyset.



The definition of suchprobability distributionsfor compositedomainsshavs also
how conditionalprobabilitiescanbe computedor an HBN. Differentcasesof condi-
tional probabilitiesmayoccurin anHBN, with a compositestructureconditionedupon
anothewariable,or beingon the conditionalpartitself.

Example3. Considera domainof lists labeledaccordingto a class,wherethe distri-
bution on lists is definedasabove and P-(c) is the distribution on the classattribute,
andanHBN modelingthatdomainwith two noded.ist andClass In caseof thep-link
Class—List, we have:

Pay([x2,%2,- -, %]€) = Ren(l[c) x [ Palxic)
|
For the conditionalprobabilitythatcorrespond$o thelink List—Class we useBayes’

theoremto obtain:

_ Py([Xe,%e; .-, x]Ic) x Pe(c)
PC(Cl[XlaX27--'5X|]) - P[A]([XLXZ;---;XI])

_ Ren(l|c) x i Pa(xi|c) x Pe(c)
Ren(l) % [7; Pa(xi)

4 Learning HBNs

Oneimportantareaof concernis the problemof learningHBNSs, i.e., givena database
of obsenations,to constructan HBN thatfits the datain a satishctoryway. Thereare
several levels at which this problemcanpossiblybe addressedror instancewe can
learnthe HBN-probabilisticpart for a given HBN-structure;or we canlearnboththe
HBN-probabilisticandstructurapart,giventhetypestructure Althoughtrying to learn
thetypestructureaswell is in theorypossiblewe do not addresghis problemfor two
reasonsFirst, the compleity of thetaskis significant,andcombinedwith learningthe
HBN structurewould give no computationabainsover learninga standardBayesian
Network directly. More importantly we seethetype structureasavailableprior knowl-
edgethatis an inherentcharacteristiof the domainand shouldbe exploited. In our
analysiswe assumehatthereareno missingvaluesin the databaseand that differ-
ent obsenationsin the databaseccurindependentlyLearningthe probabilisticpart
canbeachievedin a straightforvardmanneyusingtherelative frequencie®f eventsin
the databasén orderto estimatethe valuesof the respectie conditionalprobabilities.
Giventheindependencef differentinstancestherelative frequenciesill corvergeto
theactualprobabilityvalueswhenthe databasés suficiently large.So,whenthe HBN
structureis known andthereis enoughdataavailable,estimatingthe conditionalprob-
abilitiesis a relatively straightforvard processWe usethe Laplaceestimateto ensure
thatevenunobseredeventswill beassignedinon-zergprobability.

Deriving the HBN structurefrom the databasés a morecomplex task.Knowledge
of thetype structureis exploited in HBNs asa declaratve bias,asit significantlyre-
ducesthe numberof possiblenetwork structuresFor example,the numberof possible
structuredfor a BayesianNetwork with 10 nodesexceedsl0'8, whereagjiven a type



structurethat consistof a pair of 5-tuplesthetotal numberof possibleHBN structures
is approximately2.3 x 100, andfor a type structureof a 5-tuple of pairsthe number
dropsto approximately7 x 10°. Clearly, HBNs subsumestandardBayesiarNetworks

for which the type structureconsistsof a single level, so the actualgainsachiered

in a domaindependon the type structure However, we arguethat marny domainsare
naturally structuredin a hierarchicalway, andit is exactly in thosedomainsthat the

applicationof HBNs is a powerful tool. We will discusstwo differentapproacheso

the learningproblem:a Bayesianscoringcriterion, and a minimal descriptionlength
method.

The first approachto learningthe HBN structureis an adaptationof the method
describedn [1]. We usea Bayesianmethodto computethe likelihood of a structure
giventhedata,andsearchor the structurethatmaximiseghatlikelihood.A restriction
of thismethodss thatit requiresa setof trainingdatain propositionaform, i.e.asingle-
tabledatabasedn [1] aformulais derivedto computeP(Bs, D) for aBayesiarNetwork
structureBs anda databas®, dependingnthe prior P(Bs). Thatresultis basednthe
assumptionsghat (a) the variablesin the databasearediscrete,(b) differentinstances
occurindependentlygiven the structure,(c) thereare no missingvalues,and (d) that
beforeseeingthe databasewe considerall the possibleconditionalprobability values
setupdor agivenstructureequallylikely.

Theorem1 (Cooper and Herskovits). Let Bs be a BayesianNetworkstructue con-
taining n discretevariablesy;, eat associatedo a domain(Vvis, ..., Vir;), and g bethe
setof parentsof x; in Bs. Suppos® is a databaseof m instantiationsof the variables
Xi, andlet (w1, ...wig;) beall theuniqueinstantiationsof 15 in D. LetN,Jk bethenumber
of caseswher x = vy and Ty is instantiatedto wij, andlet Njj = Zk— Nijk- Thejoint
probability of havingthe structue Bs andthe databaseD is givenby:

n G

P(BSa BS I_“_L Nlj+r|_1 , I_INIJk

Definition 8. Let Bys be an HBN structue, and Bs the correspondind@ayesianNet-
work structue of Bys. We definethe joint probability of the structue Bys and the
databaseD as P(Bys,D) = aP(Bs,D), whee a is a normalisingconstantsud that

SHsP(Bus,D) = 1.

This meanghatin orderto computethe above joint probability, insteadof parents
(in thestandardBayesiarNetwork case)we considetigherlevel parentsTheconstant
a is neededbecauseherearefewer possibleHBN structureghanstandardBN struc-
turescontainingthe samevariables giventhe type structure Additionally, we assume
equalprior probabilitiesamongdifferentstructuresSo,in orderto computethelik eli-
hoodfor anHBN structurewe simply needto extractthe correspondin@®N structure
from it andapplytheabove formula.

As mentionedabove, the applicationof the Bayesianscoringfunctionrequiresthe
datato bein a single-tablepropositionalform. This is in generalpossibleto achieve
whenthe instancesare composedf nestedtuples,sincethe total “length” of all in-
stanceswill be the same,and thereforecan be representedh a single relation. The
introductionof first-orderand higherorderaggreation operatorswhich is a natural



extensionof HBNs asdiscussedh Section3, would presentproblemsincethesecon-
structsdo nothave fixedsizeandthereforearenotrepresentabli a propositionalvay.
For this reasonwe discussanotherscoringfunction,basedn the minimal description
length principle, that dealswith datainstancegegardlessrom the form of represen-
tation. The minimal descriptionlength principle (MDL) [17] is basedon finding the
modelthat providesthe shortestdescriptionof the data. The aim is (a) to minimise
the size of the model,i.e. the numberof parameterseedediy the HBN, and(b) find
the parametewaluesthatachieve the shortestdescriptionof the original data.Herewe
provide anMDL likelihoodfunctionfor HBNs, basedon a measuraisedfor standard
BayesiarNetworks[13].

Definition 9. LetB bea Hierarchical BayesiarNetwork formedbythe HBN structue
By s and probabilistic part 2. Supposé = ug,Uy,..., U is a setof training datain-
stancesandthat the conditionalprobabilitiesin 2 are estimatedy the frequenciesf
eventsin D. TheMDL scoringof the structue Bys andthedatabaseas

— Bl - Zilog

whee |B| is the numberof parametes in the networkand Ps is the distribution over
instanceghatis definecby B.

Io n
M(Bys,D) g

Thefirst termin the above formula penalisesstructuresvith more p-links, while the
seconds the (negated)log-likelihoodmeasuref the probabilisticpart giventhe data.
The MDL function presentedhereis easilyappliedto complex datatypes,aslong as
we cancomputeproperprobability distributionsover themusingthe HBN.

The next stepis to find the HBN structurethat optimisesthe respectie measure,
i.e. maximisesP(Bys, D) or minimisesM(Bys, D). Sinceprobabilisticlinks occuronly
betweersiblingsin the type structurethisintroducesalimit to the numberof possible
parentsve needto considerfor eachnode.The searchspaceof the possiblestructures
is significantlyreduceccomparedo thestandarBayesiarNetwork case Furthermore,
if we apply an orderingon the nodesof the type structure(in fact, we only needan
orderingfor eachsubsetof siblings)the numberof possiblestructuresdecreasedra-
matically. In [1] it is showvn thatwith anorderingon the nodesanda sufficiently tight
limit on the numberof parentsor eachnode,the derivation of the structurethatmax-
imisesP(Bs, D) is computationallyfeasible.Allowing p-links only betweent-siblings
reduceghe maximumnumberof parentshut with HBNs thisis achievedin adomain-
specificway, insteadof simply imposinga hardlimit for all thenodes.

The learningalgorithmwe introduceis a recursve searchfor the bestpossiblep-
link setupamonga setof t-siblings,beginning from the root of the type structureand
proceedingowardsthe leaves.In our currentexperimentswe have usedthe Bayesian
scoringfunction,but theMDL criterioncanbeusedin a similarway.

Algorithm 1 (HBN-structur elearning)
Given:atypestructue T; anodek in thetypestructue; a (partial) setupE of p-links
of theHBN-structue; anda databaseD of instantiationsof theatomicvariables.



Output:a setupof p-linksover the HBN-structue.

To computdearn(T,k, E,D):

1. if kis avariablenode returnE

2. if kis composite:
3. findthesetE’ of p-linksbetweerthet-childrenof k thatmaximise®(EUE’, D)
4. for each t-child k; of k, let E; betheresultof learn(T,k,EUE’, D)
5. returnthesetE UE' U (U;E;) of all the p-linksderived

As anexample, supposeave wantto reconstructhe HBN structureof Figurel. The
typestructurevouldbeknown, andadatabasef instancesf valuesfor A, Bl, BIl andC
wouldbeavailable.Thealgorithminitially would searcramongall possiblep-link con-
figurationsbetweenrA, B andC, find the optimal top-level structure andsubsequently
extendit by searchingamongpossibleconfigurationsof p-links betweenBl andBI|.
Typically, for atypestructureT with roott, theinitial queryis learn(T,t,{},D). How-
ever, prior knowledgeaboutp-links thatwe wantto asserthatwill occurin thesolution
canbe providedat this stage substitutingthe emptysetwith the setof thosep-links.

Currently in orderto maximiseP(E U E’,D), we perform an exhaustve search
amongpossiblestructures An orderingon the nodesmay be taken into account,al-
thoughoneis not necessaryNote that sucha searchwould normally be infeasibleif
conductedn a standardBayesiarNetwork. The reductionof the searchspacedueto
hierarchyallows for a moredetailedsearchHowever, if thefamiliesin thetype struc-
ture grow too large, exhaustive searchwill eventuallybe renderednfeasible.ln such
casesthe searchspaceof possiblesetsof p-links could be traversedusingary tradi-
tional searchmethod,suchassteepesline hill climbing (whichis usedby Cooperand
Herslovits in their K2 algorithm),beamsearchiterative deepeningetc.

5 Classificationwith HBNs

Bayesiarclassifierd7] computethe mostlikely classof aninstancethatis described
by a vector of attributes (X1,Xz,...,%n), i.e. derive the classvalue that maximises
P(Class$Xy, Xp,...,%Xn), usingBayes’theorento invertthe conditionalprobabilityand

thenapplyinga seriesof independencassumptionso decompos¢hejoint probability

to aproductof simplerprobabilities.The mostwidely known memberof this family is

the NaiveBayesclassifier thatassumeshatall attributesareindependenof eachother
giventheclass,andthereforeP(ClasgXi, Xp, ..., Xn) = a[]i P(X;|Clasg (wherea is a

normalisingconstant).

Extensionsof the Naive Bayesclassifierhave beenproposedn two orthogonal
directions:on the one hand, lifting the “naive” independencassumptiorand using
BayesianNetworks in orderto modelmore complex conditionalindependence&.g.
tree-augmentedaive Bayesiarclassifies [6]), andon the otherhand,usingfirst-order
andhigherorderrepresentationf®r classificatiorof structureddata(e.g.thefirst-oder
naive BayesiarclassifierslBC and1BC2 [5, 12]). Preliminaryexperimentsshow that
HBNSs can successfullycombineboth thesetwo directions,using similar probability
distributionson structureddomainsas1BC2, but with independencassumptionshat



arebasedon BayesiarNetwork-like directedagyclic graphs An HBN basedclassifier
usegshedecompositiorof the posteriomprobability P(X1, Xz, ... ., Xa|Clasg to aproduct
of simplerprobabilitiesaccordingthe independencederivedfrom the HBN structure.
In the caseof compositenodes,the distribution over the compositetype needsto be
usedaswell (e.g.asdescribedn definition7 andexample2).

Instance Instance
=(Class,Molecule) =(Class,Molecule)
CI&SS—»Molbecule CI&SS—»MOIecuIe
=(Atoms,IndA,Ind1,Lumo,LogP) =(Atoms, IndA,Ind1,Lumo,LogP)
Atoms IndA  Indl Lumo LogP Atoms_ IndA  Indl Lumo LogP
={Atom} ={Atom} T~——
Atbm Atbm
:(Element,AtomType,C'harge,FromBonds,ToBonds) :(Element,AtomType,C'harge,FromBonds,ToBonds)
Element AtomType Charge FromBonds ToBonds Elemeni AtomType Charge FromBonds ToBonds
={FromBond} ={ToBond} {FromBond} ={ToBond}
FromBond  ToBond FromBond  ToBond

@ (b)

Fig. 2. HBN structuresfor the mutagenesisiomain.(a) Underthe naive Bayesassumption(b)
Extendedstructure.

We have testedour approactonthe“regressiorfriendly” Mutagenesislatasef18].
Instancesn this domainare molecularstructuresand eachoneis describedby four
propositionalattributesand a set of atoms.The atomsthemseles are characterised
by threepropositionalattributesandtwo setsof “incoming” and“outgoing” chemical
bonds.Thetaskis to predictwhethemparticularmoleculesaremutageni®r not. For our
experimentswe have constructedseveral HBNs basedon the sametype structurefor
instancesandtestedlifferentsetsof p-linksbetweerthenodesWe have employedlists
asaggreationoperatordor atomsandbonds,andusedthe distribution definedin sec-
tion 3to computeherespectre conditionalprobabilitiesWe presenheretheresultsfor
two suchstructurespnecorrespondingo the “naive” assumptiorof attributeindepen-
denceggiventhe class andthe othercontaininga setof p-linksthatachievedarelatively
high accurag (Figure2). Reportedresultscorrespondo accurag over 10-fold cross
validation.Notethatthe “naive” HBN is equialentto the 1BC2 approachThe differ-
encein theaccurag is probablydueto a betterdiscretisatiorof the numericattributes.
Table1l summarisesheresultsachiezedby HBNs andsomeotherapproachefResults
for regressionProgol,1BC and1BC2 arequotedfrom [4].

1 Regressiomresultis basedn the propositionakttributesonly.



| Classifier [Accuray]

Majority class| 66.5%
Regression | 89%

Progol 88%
1BC 87.2%
1BC2 82.4%

Naive HBN | 77.7%
ExtendedHBN| 88.3%

Table 1. Accuray ontheMutagenesislataset.

6 Conclusionsand Further Work

In thispapemwe have presentedtierarchicaBayesiarNetworks,aframevork for learn-
ing andclassificatiorfor structureddata.We have defineda learningmethodfor HBNs
basednthe CooperandHerslovits structurdik elihoodmeasure.

Presentlywe areworking towardsextendingHBNSs by introducingmoreaggrea-
tion operatordor types,suchaslists andsets Preliminaryexperimentshav thatusing
lists high accurag canbeachievedin comparisorto approachethatemploy the naive
BayesassumptionFurtherresearclis essentiain orderto createandtestmoregeneric
type constructorsThis will allow the applicationof our framework to structuresof
arbitraryform andlength,suchaswebpagesr DNA sequences.
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